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Abstract 

Let N be an odd and squarefree positive integer divisible by at least two relative 
prime integers bigger or equal than 4. Our main theorem is an asymptotic formula 
solely in terms of N for the stable arithmetic self-intersection number of the relative 
dualizing sheaf for modular curves Xi(N)/Q. From our main theorem we obtain 
an asymptotic formula for the stable Faltings height of the Jacobian Ji(N)/Q of 
X\(N)/Q, and, for sufficiently large N, an effective version of Bogomolov's conjec- 
ture for Xi(./V)/Q. 

1 Introduction 

Let K be a number field and Ok its ring of integers. Let X / Ok be the minimal 
regular model of a smooth projective curve X/K of genus gx > 0. We call X /Ok an 
arithmetic surface. In [Ara74], S. J. Arakelov introduced an intersection theory for 
metrized invertible sheaves on X /Ok- G. Faltings established in his work [Fal84] 
many fundamental results to the theory of Arakelov. Within this framework we 
may attach two important invariants to the curve X/K: Let uj x iq k be the relative 
dualizing sheaf on X /Ok equipped with the Arakelov metric. The first invariant is 

1 _ 2 

the stable arithmetic self-intersection number — Wy/n which is independent 

[K : Q] X/ ° K p 

of the field K as long as X/K has semistable reduction over Ok- The second 
invariant is the arithmetic degree of the direct image of uj x / 0k which is, in other 
words, the stable Faltings height of the Jacobian J&c(X)/K of X/K. 

The arithmetic significance of the stable arithmetic self-intersection number was 
given in [Szp90] where it was shown that its strict positivity is equivalent to Bogo- 
molov's conjecture (finally proven by E. Ullmo after partial results by Burnol, Szpiro, 
and Zhang). Recall that this conjecture claims that the set of algebraic points of 
the curve X/K embedded into its Jacobian are discretely distributed with respect to 
the "Neron-Tate topology" supposing that the genus of the curve is bigger one. The 
second invariant is particularly interesting in the situation of modular curves. E.g., 
the stable Faltings height of the Jacobian of the modular curve X\(N)/Q plays 
an important role in the recent work [ECU] on computing Fourier coefficients of 
modular forms. 

The only cases so far in which the stable arithmetic self-intersection number of 
the relative dualizing sheaf is known are arithmetic surfaces whose generic fiber is a 



curve of genus one ([Fal84]), a curve of genus two ([BMMB90]), or a modular curve 
X (N), where N is squarefree and 2,3] N, ([AU97], [MU98]). More recently, upper 
bounds in the cases of modular curves X(N) and Fermat curves were found (see 
[CK09]). In the case of the modular curves X (N), the stable Faltings height is 
asymptotically determined in [JK09]. Asymptotics in the case of the modular curve 
Xi(N) are already given in [ECU] (cf. remark 8.3). 

1.1. Arakelov theory on arithmetic surfaces. Let X/Ok be the minimal regular 
model of a smooth projective curve X/K of genus g x > 0. Let I? be a divisor on 
X and C = Ox{D) the corresponding line bundle on X /Ok ■ For every embedding 
a : K — > C we equip the induced line bundle L a on the compact Riemann surface 
X a (C), X a := X Xj Spcc(C), with the unique admissible metric (Arakelov metric) 
with respect to the canonical volume form /i can (cf. [Sou89], p. 332). A line bundle 
C equipped with these metrics for all embeddings a will be denoted by C. For the 
relative dualizing sheaf uJx/o K the Arakelov metric has the following interpretation: 
the residual maps 

n XAC) ®o XAC) (P)\ P ^c 

are isometries for all points P e X a (C) and all embeddings a : K — ► C, where 
O x<j (c) (P) i s equipped with the Arakelov metric and C with the standard hermitian 
metric (see [Sou89], p. 333). 

Let C = Ox{P) and M. = Ox{Q) be two metrized line bundles, where P, Q are 
two horizontal prime divisors on X with no common component. The intersection 
product of C and M is given by 

Z-M = (P,Q) Rn - J2 9c,n(Pa,Qa), (1) 

where (P, <2)g n is their local intersection product on X/Ok (see [Sou89], p. 332), 
Pa, Qa the induced points on A CT (C), and g° an is the canonical Green's function on 
X a (C) x X a (C) \ A XtT (c) (f° r the definition see section 3.2). 

1.2. Main results. Let Xi(N)/Q be the smooth projective algebraic curve over Q 
that classifies elliptic curves equipped with a point of exact order N. Let N be 
an odd and squarefree integer of the form N = N qr > with q and r relative 
prime integers satisfying q,r > 4. Then, the minimal regular model Xi(N) /Z[(jy] is 
semistable (cf. proposition 7.3) and the genus of Xi(N)/Q denoted by gjy satisfies 

5jv > 0. With the notation uJ 2 N = — — ^t<^x 1 (n)/o k our mam theorem (cf. theorem 

7.7) is the following: 

Theorem. Let N be an odd and squarefree integer of the form N = N qr > with 
q and r relative prime integers satisfying q,r > 4. Then, we have 

uJ 2 N = 3g N log(A0 + o(g N \og(N)) . 

Our first arithmetic application is the following asymptotics for the stable Falt- 
ings height h Fa i(Ji(N)) of the Jacobian Ji(N)/Q of X x (N)/Q (cf. theorem 8.2). 

Theorem. Let N be an odd and squarefree integer of the form N = N qr > with 
q and r relative prime integers satisfying q,r > 4. Then, we have 

h F 4 J i(N)) = ^log(A0 + O ( 57V log(A0). 
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We also obtain an asymptotic formula for the admissible self-intersection number 
of the relative dualizing sheaf uj 2 a N in the sense of the theory of Zhang in [Zha93] . 
From this we can deduce, for large N, an effective version of Bogomolov's conjecture 
of the modular curve Xi(N)/Q (cf. theorem 8.7). 

1.3. Outline. The main structure of this article comes from the later section 7, 
namely from proposition 7.6, providing us the formula 

u 2 N = 4g N {g N - l)#can(0, oo) + — *— 9N + ] (V , Voo)^ , (2) 

for some explicit vertical divisors Vq^V^ on Xi(N)/Z[( N ). Hence, to achieve our 
main theorem, we first determine the analytic part 4<?jv($jv — l)<7can(0, oo), and 
then compute the algebraic part g"*\ (Vo, Voo)n n of the stable arithmetic self- 
intersection number oJ%. 

For the analytic part we follow the strategy of [AU97]. In the second section, after 
recalling some basic facts of the (compactified) modular curves, we present the 
spectral expansion of the automorphic kernels of weight and 2. We conclude this 
section with a basic formula expressing the arithmetic average 

F(z):=— 5> 2 |/i(*)| 2 (z = x + tyeM) 

of an orthonormal basis {fj}jZi °f holomorphic cusp forms of weight 2 with respect 
to the congruence subgroup Ti(A^) in terms of the hyperbolic, parabolic, and spectral 
parts of the expansions of the above automorphic kernels. In section three we obtain 
a formula for <? C an(0, oo), based on previous work of A. Abbes and E. Ullmo as well as 
J. Jorgenson and J. Kramer, essentially in terms of the constant term in the Laurent 
expansion at s = 1 of the Rankin-Selberg transform Rp(s), s G C, of the function 
F(z) which we denote by Cf- In order to compute the constant Cf we exploit our 
basic formula and determine in section four the contribution of the Rankin-Selberg 
transform of the hyperbolic and in section five the contribution of the Rankin-Selberg 
transform of the parabolic and spectral parts to Cf (cf. remark 3.9). In section 6 
we are then ready to determine the analytic part, and after computing the algebraic 
part of the stable arithmetic self-intersection number uj%, we obtain in section 7 
our main theorem. In section 8 we deduce the arithmetic applications mentioned 
above. Finally, we study in the appendix an Epstein zeta function naturally arising 
in section 4. 

1.4. Acknowledgement. The results of this article are essentially those of my thesis 
[Mayl2]. I am much indebted to my advisor Jiirg Kramer for his support and very 
valuable concrete comments on this work. Without his help this article would not 
have appeared. I want to thank Bas Edixhoven who pointed out to me two mistakes 
in a preliminary version of this article. To Anna von Pippich I am very grateful for 
discussions concerning the analytic part of this article. 

2 Background Material 

Let us collect some basic material of modular curves X(ri(AT)) and their sp ectral 
theory. Our main references are [DS05], [Iwa02], and [Roe66, Roe67]. The spectral 
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theory in [Iwa02] and [Roe66, Roe67] is formulated in a more general framework, 
namely for Fuchsian subgroups of the first kind. In order to keep this exposition 
short, we restrict the discussion to the congruence subgroup Ti(N). 

2.1. The upper half-plane. Let EI := {z = x + iy E C | Im(z) = y > 0} be the upper 
half-plane equipped with the hyperbolic metric 

giving H the structure of a 2-dimensional Riemannian manifold of constant negative 
curvature equal to — 1. The hyperbolic metric (3) induces the distance function p 
on H defined by 

cosh (p(z, w)) = 1 + 2u(z, w), 

where 

u(z, w) = .} Z ~^] , {z, w € H), (4) 

4Im(z) lm(w) 

and the hyperbolic volume form on EI given by 

dxAdy 

Mhyp(z) := — — 2 — . (5) 

2.2. Modular curves X(T 1 (N)). Let N > 1 be a positive integer and T 1 (N) C 
SL 2 (Z) the congruence subgroup defined by 

ri(JV) := 1 7 G SL 2 (Z) | o = d = 1 mod JV, c = mod N 

acting by fractional linear transformation z H 72 := ff+ai 7 — ("d) e Ti(A r ), 
on the upper half-plane E. The quotient space ri(iV)\H is denoted by y(r 1 (A r )). 
Letting L 1 (A r ) act on the projective line Pq by -f(s : t) := (as + bt : cs + dt), 
(s : t) G Pq, the (compactified) modular curve X(ri(A r )) associated to Ti(iV) is 
defined as the quotient space 

X{Y 1 {N)) :=ri(JV)\(HUP^), 

which can be endowed with a natural topology making the quotient space into a 
compact Riemann surface (see [DS05], chap. 2.4). 

The finite set P ri (jv) == ^(Y^N))^ (V^N)) is called the set of (inequivalent) 
cusps of Ti(iV) and is represented by the set of elements (a, c) of (Z/iVZ) 2 of order 
N modulo the equivalence relation (a : c) = (a' , c') if and only if (a', d) = (a + nc, c) 
for some n £ Z/NZ. Moreover, the hyperbolic volume form ^h yP of (5) descends 
to a volume form on X(Ti(N)^ (see [DS05], p. 181) which we will denote again by 
^hyp- For the moduli interpretation of the modular curve X(Ti(N)} we refer the 
reader to section 7. 

2.3. Genus and volume formula. We assume N > 5 to avoid elliptic fixed points 
and to have uniform formulas for the following quantities. Let be the genus and 
vm the hyperbolic volume of X (Ti(iV)) , then we have 

9n = 1 + ^(N)N U( 1+1 -)-\H ^dMN/d) (6) 

p\N ^ ' d\N 
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VN = ^<p(N)Nl[(l + ±y (7) 



and 



p\N 

where ip( ■ ) is Euler's phi function (see [DS05], theorem 3.1.1, p. 68 and formula 
(5.15), p. 182). In particular, we have gM > 1 for N — 11 or N > 13. 

2.4. The Hilbert space L 2 (T 1 (N)\M 7 k) . Recall that a function / : H — > C is 
called automorphic of weight k, k £ N, with respect to Ti(N), if it satisfies f{"fz) = 

jk,-y(z)f(z) for all 7 = ( a c b d ) e ^(iV), where j fc , 7 (z) := We denote by 

L 2 (ri(7V)\H, fc) the Hilbert space of square-integrable automorphic functions of 
weight k with respect to Ti(N) with scalar product given by 

(/,<?>:=/ /(s)ff(*)Aihyp(*) (/,</€L 2 (ri(iV)\H,fe)). 

Jri(Jv)\H 

The hyperbolic Laplacian of weight k 

2 fd 2 d 2 \ 1 d 



\ 9x 2 9y 2 / 9a; ' 

acting as a non-negative self-adjoint operator on L 2 (ri(7V)\H, fc) (in fact, it is the 
unique self-adjoint extension of A fc acting on the subspace of smooth and compactly 
supported automorphic functions of weight k; see [Roe66], pp. 309-310), gives rise 
to the spectral decomposition 

l 2 (ri(iV)\H, k) = L 2 (r 1 (N)\m,k) e L 2 (r!(Jv)\H, fc) r e ^(t^n^m, k) c ; 

here L 2 (Ti(N)\H.,k) is the space of cusp forms of weight k, i.e., of automorphic 
functions of weight k with vanishing 0-th Fourier coefficients in its Fourier expansions 
with respect to the diverse cusps of Ti(iV), and is discrete, L 2 (Ti(N)\M 7 k) r is 

the discrete part of L 2 (Ti(N)\M 7 k)^ , given by residues of Eisenstein series, and 
L 2 (ri(A^)\IHI, k) c forms the continuous part, given by integrals of Eisenstein series. 

2.5. Eisenstein series and spectral expansion. Let a G Pr 1 (N) be a CUS P of Ti(N) 
and a a G SL 2 (IR) a scaling matrix of a, i.e., a a oo = a and 



for ri(iV) the stabilizer group of the cusp a. The Eisenstein series for the cusp a 
of weight k with respect to Ti(N) is defined by (cf. [Roe67], p. 291) 

E a , k (z,s):= Mva^zYlk,*^*)- 1 ( S GC,Re( S )>l). 

7er 1 (jv) a \r 1 (jv) 

The Eisenstein series E a ^(z,s) defines an holomorphic function for Re(s) > 1 and 
is in this range an automorphic function of weight k in the z-variable. Moreover, it 
possesses a meromorphic continuation to the whole s-plane. The meromorphically 
continued Eisenstein serie E a ^{z,s) is holomorphic for Rc(s) = \, and the poles at 
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s with Rc(s) > \ lie all in the interval (1/2,1] (cf. [Roe67], Satz 10.3, Satz 10.4, 
and Satz 11.2). 

If {v,j}'jjL is an orthonormal basis of the discrete part of L 2 (Ti(N)\M, k), i.e., 
A k uj = XjUj, = A < Ai < A 2 , . . ., then every / e L 2 (Ti(N)\U, k) has the 
spectral expansion 

/(z) = ]T(./»,(z)+ Y, JZ (f,E aik (;l+ir))E a , k (z,l+ir)dr, 

J=0 »6Pr l( «) J -°° 

(9) 

which converges in the norm topology. If furthermore, / is smooth and bounded, 
then the sums in (9) are uniformly convergent on compacta of H (see [Roe67], Satz 
7.2, Satz 12.2, and Satz 12.3). 

2.6. Shifting operator and eigenspaces of A = 0. Noting that A and A 2 have the 
same eigenvalues (see [Roe66], lemma 3.2), we define L\, (ri(JV)\H, k), k = 0,2, to 
be the eigenspace corresponding to the eigenvalue A.,-. The differential operator (loc. 
cit. denoted by K ) 

A := ly^ + y^ : L% (T^N^M, 0) — ^ L% (rx(iV)\H, 2) (10) 

induces for Xj =/= a bijection satisfying 

(A (f),A (g))=X j {f,g) (f,g e L 2 A . {T^N^O)). (11) 

(see [Roe66], lemma 6.1). For Xj = and k = 0, we have that £§(ri(JV)\H,0) is 
one dimensional generated by the only residue of the Eisenstein series at s = 1 given 
by Ujy 1 (see [Iwa02], theorem 11.3). For Xj = and k — 2, we have an isometry 

Lg(ri(iV)\H,2) — ^5 2 (ri(JV)) (12) 

by sending / i-> y~ 1 f(see [Roe66], Satz 6.3), where 5 , 2 (r 1 (A^)) denotes the space of 
holomorphic cusp forms of weight 2 for Ti(N). For later purposes we mention that 

A (E a .o(z,s)) =sE a , 2 (z,s) (13) 

(see [Roe67], p. 292, equation (10.8)). 

2.7. Automorphic kernels of weight and 2. Let h : R — > C be a test function, 
i.e., an even function satisfying 

(i) h(r) can be extended holomorphically to the strip | Im(r)| < ^ (A gR, A > 1), 

(ii) h(r) « (|r| + l)- 2 -^ 1 for | Im(r)| < |. 

The inverse Selberg transform fco of /i of weight is given by the following three 
equations (see [Iwa02], p. 32): 

1 f + °° 

<j( w ) = 7T~ / /i(r) exp(— 2wr)dr (w G M), 

27r J-oo 

q(e v + e- v -2)=g(v) (v e K), 

1 / >+ °° 

fe («) = / </(u + i; 2 )du (u>0). 

7f J-00 
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The inverse Selberg transform k 2 of h of weight 2 is given in the similar way with 
the only change in the last step (see [Hej76], p. 402 and p. 455): 

i r s 1 f + °° << 2 ,Vu + 4 + v 2 ~ v a i ^ 

k 2 (u):=--\ (J{u + v 2 )^ === dv (u>0). 
n J -co \/u + 4 + v 2 +v 

The automorphic kernel of weight with respect to T 1 (N) on H x H is defined by 

K (z,w):= E k (u(z,jw)), (14) 

which is an automorphic function of weight in the z- variable; here the function u 
is defined as in (4). Similarly, the automorphic kernel of weight 2 with respect to 
ri(AT) on H x H is defined by 

K 2 (z,w):= E k 2 (u(z,iw)) — - ji n {w), (15) 
7 er 1 (jv) z 1W 

which is an automorphic function of weight 2 in the z- variable. 

2.8. Spectral expansion of automorphic kernels. From the orthogonal projections 

(K (z,w),Uj(z)) = h {rj)uj(w) 

and 

(K (z, w),E a>0 (z, \ + ir)) = h (r)E afi (w, \ + ir) 

(see [Iwa02], theorem 7.4), using the convention to write an eigenvalue Xj as Aj = 
\ + rj with rj e C, we find from (9) the following spectral expansion 

h(-) °° 

K (z,w) =-AaZ +Y J h{r j )u i {z)u j {w)+ (16) 

VN u 



— E / h (r)E afi (z, \ + ir)E afi (w, \ + ir)dr. 

„r- D J —CO 



r 1 (N) 



Noting that 



and 



(K 2 (z,w), Uj (z)) = h2{rj)uj(w) 



(K 2 (z, w),E at2 (z, \ + ir)) = h 2 (r)E a , 2 (w, \ + ir) 

(cf. [AU97], lemma 3.1.1), we find from (9) and observations (11) and (12) the 
following spectral expansion 

K 2 (z, w) =h(i) E M™)7» + E J pA ( Mj )(^)A^)( W ;) + 



r- E / /iW^^.I+ir^Kl+iOdr, (17) 



r 1 (N) 



where {/i, . . . , / 9JV } is an orthonormal basis of S 2 (Ti(N)). 
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2.9. Let h(t, r) := exp (— t (| + r 2 )) be the test function with parameter t e M>o- 
The inverse Selberg transform of h(t,r) of weight defines the function ko(t,u) for 
u > 0; for a fixed 7 e Ti(iV), we set 

K ,j(t,z) := k (t,u(z,-yz)) (zei). 

Similarly, the inverse Selberg transform of h(t, r) of weight 2 defines the function 
k2(t,u) for u > 0; for a fixed 7 e Ti(iV), we set 

K 2 „(t,z) ■■=k 2 (t 1 u{z n z)) 1 -^^j 2n {z) (zeH). 

Z — "fZ 

2.10 Lemma. LeZ be I e Z. Ifitt £/ie a&owe notation the following series 

^2 K 0n {t,z) and ^ K 2 ,~ ( (t,z) (zSl) 

7 er!(jv) 7er!(AT) 

tr( 7 )=Z tr( 7 )=Z 

are automorphic functions of weight wrai/i respect to Ti(N). 

Proof. This follows from the fact that Af/c 7 (i, Sz) = K k 5-i 7 a(f, z) for fc = 0, 2 and 
anyJ=(s5)er 1 (JV). □ 

2.11. Notation. We define for t > 0, fc = 0, 2, and Z e Z with |/| > 2 

H ktl {t,z):= K kn(t,z) H k (t,z) := ^ H k ,i(t,z), (18) 

7 eri(Ar) zez 

tr( 7 )=Z |i|>2 

P k (t,z):= K k,-y(t,z), (19) 

7 eri(jv) 

|tr( 7 )|=2 



1 r+°° 2 — fc 1 

C fc (t,z):=-- £ / h(t,r)\E a , k (z,±+ir)\ 2 dr-— — , (20) 

and 



00 00 , / , 

D (t,s) :=5>(^)M*)| 2 £> 2 (t,s) :=^^l2|AoK)(^)| 2 . (21) 

i=i j=i j 

2.12. Sasic formula. We assume that AT = 11 or TV > 13. We define the Ti (AO- 
invariant functions (cf. lemma 2.10) 

H(t, z) := H 2 (t, z) - H (t, z) P(t, z) := P 2 (t, z) - P (t, z) 

C{t,z):=C 2 {t,z)-C (t,z) D{t,z):=D 2 (t,z)-D (t,z), (22) 

such that observations (16) and (17), taking the difference of K 2 (t, z) and K (t,z), 
imply 

g N F(z) + D(t, z) = H(t, z) + P(t, z) + C(t, z), (23) 
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where 



i> 2 l/;WI 2 ( 24 ) 



9N i=i 



with {fj}jZi an orthonormal basis of ^(iMiV)). Note that we have h(t, |) = 1 and 
that there is no elliptic contribution, i.e., there is no 7 e ^i(N) with | tr(^)| < 2. 



3 Green's function on cusps 

In this section we recall the definition of the canonical Green's function and derive 
a formula for its evaluation on cusps essentially in terms of the function defined in 
(24). Our formula follows from previous work of A. Abbes and E. Ullmo in [AU97] 
and J. Jorgenson and J. Kramer in [JK06]. In the sequel we assume gjv > 1, i-e., 
that N = 11 or N > 13. 

3.1. Canonical volume. Let ^(iM-ZV)) be the space of holomorphic cusp forms of 
weight 2 with respect to Ti(N) equipped with the Petersson inner product 



Pot, 2 



:= f f(z)g(z)lm(z) 2 ^ hyp (z) (f,geS 2 (T 1 (N))). 

Jx(r 1 (N)) 



Choosing an orthonormal basis {/1, . . . , f 9N } of S , 2 (ri(A r )), the canonical volume 
form on X(Ti(N)) is given by 



A*can(z) := ^- V|/j(z)| 2 dzAdz = J F 1 (z)^ hyp (z), 
29N U 



where F(z) is defined by (24). Note that using the ismomophism S(Ti(N)) = 
H°(X(Ti(N)),Qx(r i(n))) gi yen by f(z) i->- f(z)dz this volume form is the one 
considered in [Ara74]. 

3.2. Canonical Green's function. The canonical Green's function g can is the unique 
smooth function on _X"(ri(iV)) x X(ri(iV)) \ Ax(ri(AT))i denoting by Ax(ri(JV)) the 
diagonal, which satisfies: 

(i) T l -&9^n(z 1 w) + 5 w (z) = n can {z), 

(ii) / g ca ,n{z, w)ii can (z) = 0, 

JX(T 1 (N)) 

where S w (z) is the Dirac delta distribution. 

3.3. To state the formula for the canonical Green's function on cusps from [AU97], 
we recall that, for a, fa G ^Ti(jv) cusps of Ti(N), the Eisenstein series E a fl(z,s) 
of weight zero with respect to Ti(N) admits at the cusp fa the Fourier expansion 
E a ,o{a b z, s) = J2nei, a ™(2A s > ab ) exp(2winx) with a (y, s; ab) = S ab y s + (p ah (s)y 1 - s , 
where 

ip a b(s) = Vtt—^j — 2J (25) 
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with 



Mc) = #{(* *) &9a 1 ^(N) a 9a\9a 1 ^i(N)g b /9^ 1 T 1 (N) b g b y, (26) 

here g a and g b denote elements of SL 2 (Z) mapping the standard cusp oo of SL 2 (Z) 
with represantative (1 : 0) <G Pq to the cusps a and b, respectively. Note that f a b( s ) 
is a meromorphic function with a simple pole at s = 1 and residue vj^ 1 (see [Iwa02]). 

3.4 Proposition. Let N satisfy N = 11 or N > 13. Le£ A(ri(iV)) 6e £/ie modular 
curve associated to the congruence subgroup T\(N). Then, we have for two different 
cusps a, b e fri(jv) 

Scan (a, fc) = 

- 2tt lim ( <^ ofa (s) - — l — ] + 2tt lim ( / F(z)E a , (z, s)fi hyp (z) + 

V V N S-IJ s ^ 1 \Jv 1 {N)\¥l 

[ F(w)E bfi (w,s)n hyp {w)- ^rJ+of— ), 

7ri(Jv)\H v N s-lJ \9n J 

where the error term is independent of the cusps a and b. 

Proof. This follows from proposition E in [AU97] in combination with the bound on 
the hyperbolic Green's function in [JK06], lemma 3.7 and proposition 4.7 with the 
universal constants for Ti(N) given in lemma 5.3 (c) and lemma 5.9. □ 

3.5 Lemma. Let N satisfy N = 11 or N > 13. Let X(Ti(N)) be the modular 
curve associated to the congruence subgroup T\(N) and 0, oo^, d G (Z/NZ) X , the 
cusps having representatives (0 : 1) and (d : 0) in Pq, respectively. With the notation 
oo = ooi, we have 

[ F(z)E . (z, S )n hyp (z) = [ F(z)E oo . {z,s)fi hyp (z) (27) 

Jr 1 (N)\n Jr 1 (N)\n 

and 

/ F(z)E 00dfi (z,s)n hyp (z) = F(z)E oofi (z,s)/j, hyp (z). (28) 

Jt 1 (n)\m Jr 1 (N)\m 

Proof. We choose cr^ 1 = ^W N £ SL 2 (M) with W N = (_°jvo) the Atkin-Lehner 
involution and a^ 1 — (" ^) £ SL 2 (Z) with c = mod N. Then, er and ex,} are 
scaling matrices of the cusps and oo^, respectively, i.e., we have a oo = as well 
as aQ 1 Ti(N) ctq = Ti(N) and aQ 1 Ti(N)o ero — Ti(N) 00 and the same for aa- Hence 
it follows from the definitions that _E ,o( z 7 s ) = Eoofi(&Q l s) and E QOd (z,s) = 
E cc {&d 1 z 1 s). Therefore, it suffices for the proof of equations (27) and (28) to show 
F(z) = F(aQ 1 z) and F(z) — F(a~ l 1 z), which we do now starting with the first 
equality. 

The Atkin-Lehner involution Wn acts on the space 5 2 (ri(A)) of holomorphic cusp 
forms of weight 2 with respect to Ti(iV) by 

f\ WN {z) := dct(W N )(-Nz)- 2 f(W N z) = N(Nz)- 2 f(W N z) (/ e S 2 {T 1 (N))), 
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and we have \f \w N \w N I = |/| for / € ^(r^iV)) (see [AL78], proposition 1.1), 
from which we can deduce that {fj\w N }j=i remains an orthonormal basis, and so 

£i/^)i 2 = £i/> N (*)i 2 - ( 29 ) 

Using equation (29) we calculate 

i 9n 1 /V 2 9N 

-i Sat i Sjv 

This proves the first equality. For the second equality, note that the space 5 2 (ri(iV)) 
of cusp forms of weight 2 decomposes in 

S2(ri(jv))=0s 2 (r 1 (jv), e ), (30) 

e 

where e runs through all Dirichlet characters mod N (see [Roh97], p. 77). Thereby, 
we define 

S 2 (ri(JV),e) := {/ G S 2 (ri(A0) I /| 2 <d) = e(d)/ for all d G (Z/7VZ) X } 
denoting by (d) the diamond operator given by 

f\ 2 (d)(z) := (cz | d)2 /(7^) for some ^) € r (JV), 

where d' = d mod iV. But since /j| 2 (rf) = e(d)fj for some Dirichlet character e, 
the set {/j|2(d)}j=i remains an orthonormal basis of S' 2 (ri(iV)). Further, we have 
Imia^zflfjia^z)] 2 = lm(z) 2 \fj(z)\ 2 showing F(a d 1 z) = F(z). This completes 
the proof of the lemma. □ 

3.6 Lemma. Let N satisfy N = 11 or N > 13. Let X(Ti(N)) be the modular 
curve associated to the congruence subgroup Ti(N) and 0,oo d , d e (Z/7VZ) X the 
cusps having representatives (0 : 1) and (d : 0) in Pq, respectively. With the notation 
oo = ooi, we then have that Vooo d (s) = <pooo(s) holds for all d G (Z/iVZ) x . 

Proof. Noting that g^T^N^go = and g^T^N^ga = ((H)) with 

5o = (i V) anc ^ ff<J — d) € SL 2 (Z), we have to show by formula (25) that the 
number of elements of the sets 

«*H(: "))v- ,r '<w((; ;))} 

is independent of d. To this end, we consider the map 

V> : S d (c) — ► (Z/cZ) x 
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induced by mapping ( a ° & ) 5 mod c. Since (c, <5) = 1 and the right action by 
(( o i )) changes 5 only by mod c, the map ip is well-defined. We now show that ip is 
bijective starting from showing that ip is injective. This will prove the lemma. 
Let ^ ™* ^ ^ and ^ " 2 ^ ^) be two representatives of elements of Sd(c) such that Si = 

S 2 mod c, i.e., <5 2 = <5i +nc for some neZ. By the right action of ( J ™ ) on ^ ^ , 

we obtain ^ ^ ^ ( o ™ ) = ( <5* 2 ) ■ From this we conclude ai<5i = a 2 8 2 mod c, i.e., 

c|(«2 — Furthermore, being elements of Sd(c), we have N\ai and N\a 2 ; since 
(c, AT) = 1, we find that cN\(a 2 — a\), which shows a 2 = ct\ +mcN for some meZ. 
By the left action of (J"\ JV )on ( * ) , we obtain { 1 m 1 N )( ^ £ ) = ( Q c 2 £ ) , which 
proves the injectivity of ip. 

We now show the surjectivity of ip. Let S mod c be given in (Z/cZ) x ; we let <5 e Z 
be a representative satisfying (c, 5) = 1. We have to find a, (3 € Z such that the 
representative ( a x ) satisfies a = mod N, f3 = d mod N, and ct<5— /3c = 1, which, 
in fact, implies 9o $) 9d X € ^(./V), as desired. The first and second condition 
forces us to choose a and /3 of the form a = xN and /3 = d + yN with x, y € Z; we 
have to verify that there are x,y € Z such that also the third condition is satisfied. 
The three conditions imply —dc = 1 mod N; hence, we find dgZ with vN—dc = 1. 
Now, since (c, 5) = 1, there are x, y <G Z such that a;d — yc = v. With this choice for 
x, y € Z, we find a<5 — /3c = 1. This completes the proof of the lemma. □ 

3.7. Rankin- Selberg transform. Let / be a ri(7V)-invariant function of rapid decay 
at the cusp o, i.e., the 0-th Fourier coefficient ao(y;a) of the Fourier expansion 
f(a a z) — J2 neZ a n (y;a)ex.p(2irinx) of / at the cusp a satisfies ao(y;a) = 0(y~ M ) 
for all M > as y — > oo. Then, the Rankin-Selberg transform Rf a (s) of / at the 
cusp a is defined by 

r- r+CO 

Rf,a{s):= f(o- a z)E afi {z,s)ii hyp {z) = a {y-a)y s - 2 dy (Re(s) > 1) 

Jr 1 (N)\m Jo 

The Rankin-Selberg transform Rf ia (s) of / at the cusp o can be continued mero- 
morphically to the whole s-plane and has simple poles at s = 0, 1 with residue at 
s = 1 given by 



res., 



(R f , a (s)) = — [ f(z)^y P (z). (31) 

V N Jri(iV)\H 



(see, e.g., [GupOO], p. 9). Applying the Rankin-Selberg transform to the function 
F(z) defined in (24), which is of rapid decay at all cusps, we have the Laurent 
expansion at s = 1, writing Rf{s) := Rf,oo{s), 

Rf(s) = - l — +C F + 0{s-l), (32) 

vn s — 1 

denoting by Cf the constant term of this expansion. 

3.8 Proposition. Let N satisfy N = 11 or N > 13. Let Xfi^N)) be the modular 
curve associated to the congruence subgroup T\(N) and Q,<X)d, d € (Z/A r Z) x , the 
cusps having representatives (0 : 1) and (d : 0), respectively. Then, we have 

5 can (0,oo d ) = 4ttC f - 2tt lim ( <£> oo(s) 1 —. r J + O 



s->i \ s - I J \g N 
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where the error term is independent of d. 

Proof. This follows from proposition 3.4, lemma 3.5, and lemma 3.6, using the 
notation of 3.7. □ 

3.9 Remark. In the next section we follow a strategy to determine the constant Cp 
which was carried out by A. Abbes and E. Ullmo for the modular curve X n (N), N 
squarefree and not divisible by 2 and 3 in [AU97] based on ideas of D. Zagier's proof 
of the Selberg trace formula in [Zag81a], which goes as follows: we will compute the 
Rankin-Selberg transforms, denoted by 

R H (t,s), R P (t,s), R c (t,s), R D (t,s) (33) 

of all terms displayed in (22) and determine their constant terms in their Laurent 
expansions at s = 1. Letting t tend to infinity, the contribution of the discrete part 
i?o(i, s) will vanish, and so we obtain the constant Cp by formula (23). 
It might be interesting to look at the problem to determine Cp from the adelic point 
of view starting with [JZ87]. 

4 Contribution of Rankin-Selberg of hyperbolic part 

In this section we calculate the contribution of Rankin-Selberg transform i?#(t, s) 
in terms of the Selberg zeta function. 

4.1 Rankin-Selberg of hyperbolic part 

We begin with calculating the Rankin-Selberg transforms of the ri(7V)-invariant 
functions (see (18) at the end of section 3.5) 

H ktl (t,z)= K Ki(t^) (i>0;fc = 0,2) 

7 er 1 (A0 

tr( 7 )=; 

for I e Z with |/| > 2. 

We first note that the Rankin-Selberg transforms of these functions exist for s e C 
with 1 < Re(s) < 1 + A and A as in 2.7. This can be shown mutatis mutandis as in 
[AU97], proposition 3.2.1: one can reduce the question to show 

E / / E \Ko„(t,z)\v**M- 2 dxdy<oo 

\1\>2 J2 ^ _1/2 7er 1 (Ar) 
tr( 7 )=i 

for 1 < Re(s) < 1 + A, and the claim follows then from [AU97], lemma 3.2.1. 

4.1.1. Elements of Ti(7V) give rise to quadratic forms. Let us briefly discuss this 
link. Therefore, we use the convention to write [a, b, c] for an (integral binary) 
quadratic form q(X, Y) = aX 2 +bXY+cY 2 e Z[X, Y]. Let Qi be the set of quadratic 
forms with discriminant discg = I 2 — 4. The modular group SL2(Z) = Ti(l) acts on 
the set of quadratic forms Qi via 

SL 2 (Z) xQ l ^Q l (34) 
(5, q) q o 6, 
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where (q o S)(X, Y) := q ((X, Y)5 t ) with 6* the transpose of 5. For q = [a, b, c] e Qi 
and 5 = ( x z \ ) € SL 2 (Z) the quadratic form g o <5 is explicitly given by 

q o 5 = [q(x, z), b{xt + yz) + 2(axy + czt), q(y, t)]. (35) 

4.1.2 Definition. For a positive integer N and I G Z with |Z| > 2, we define 

Qt(N) := {q = [aN, bN, c]\a,b,c€ Z; disc(q) = Z 2 - 4} C Q, 

and 

r u (N) = { 7 e ri(JV)| tr( 7 ) - z} c t^n). 

4.1.3. Let N be a positive integer and Z e Z with |Z| > 2 and Z = 2 mod ZV. We 
have a map 

V : ri,/(A0 — > Qz(iV) 

defined by 

7 = ^ x + 6 dAr ) H- g 7 := [cZV, (d - a)N, -b}. (36) 

Supposed that N is odd, the map tp defines a bijection between the sets Ti : i(N) and 
Qi(N) as one verifies that the map tp' : Qi(N) — > I\j(ZV) given by 

/!=m -c 

q = [aN, bN, c] ^ lq := ^ ^ , +bA r 

is well-defined. Once this is shown one easily verifies that the two maps tp and tp' 
are inverse to each other, which establishes the claimed bijection. 

4.1.4. The congruence subgroup Ti(N) acts on the sets Qi(N) and I\;(ZV) as 
follows: The action of Ti(N) on Qi(N) is given by 

T^N) x Q,(JV) — > Q,(JV) (37) 
(<5, q) g o J, 

where equation (35) shows that this action is well-defined; the action of Ti(N) on 
Fij(N) is given by conjugation 

ri(jv) x r 1;i (zv) — ► r 1;( (iv) (38) 

(5, 7) i-> (5 • 7 := <5 _1 7#. 

Let ZV be an odd positive integer and Z e Z with |Z| > 2 and Z = 2 mod N. Then 
the diagram 

iyzv) x r ljZ (jv) — >r u (N) 



idxip 



ri(jv) x q,(jv) >QiW 

commutes, where the horizontal maps are the group actions (37), (38), and the 
vertical map tp is given by (36). In particular, we have a bijection 
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4.1.5. Let N be an odd positive integer. For < u < N with (u, N) = 1, we set 

M U (N) := {(m,n) G Z 2 | (m,n) = (0,u) modTV}. 

Note that the congruence subgroup T^iV) acts on M U (N) by 

ri(JV) x M U (N) — ► M U (N) (39) 
((5, (m, n)) i y (to, n)5. 

Furthermore, for I G Z with \l\ > 2 and I = 2 mod iV, we set Af(N) := r lit (N) x 
M U (N) and define 

A^W := {(7, (m,n)) € A"(iV) | g 7 (n,-m) ^ 0} . 

Note that 

Aj*(JV) = A^+(iV) U AJ'-(JV), 
and that there is an action of the congruence subgroup Ti(N) on Af(N) defined by 

ri(JV) x Af(N) — -> Af(N) 
(6, (7, (m,n))) i->- 5 ■ (7, (m,n)) := (cT^, (m,n)<5), 

which preserves the subsets A" + (iV), A"~(iV) C Af(N). Observing that 

(q o 5) ■ ((to, n)5) = q ■ (to, n) 

using the notation q ■ (m,n) := q(n, —to) as in [Zag77], we make the following 

4.1.6 Definition. Let N be an odd positive integer and I G Z with \l\ > 2 and I = 2 

mod N. For < u < N with (u, N) = 1, we define for seC, Re(s) > 1, the zeta 
function 

^(".9= E ^z^s- (40) 

( 7 ,(m,n))€Aj' + (JV)/ri(iV) 

We show in the appendix that this zeta function is well-defined for Re(s) > 1. 

( 1 >--i\ 

Finally, we denote for any I G Z by 72 the matrix 7; := I = 4 , I S SL 2 (M). 



4.1.7 Proposition. Let N be an odd positive integer and I G Z with \l\ > 2 and 
I = 2 mod N . For s G C satisfying 1 < Rc(s) < 1 + A, where A is as in 2.7, and 
t > 0, we have 

/ H k ,i(t,z)E 00 ,o(z,s)fj, h y P (z) = h,i(t,s) y2 c u (s)Cu.n(s,1) (A; = 0,2), 

• / ri(iv)\H 0<11<JV 



<«</ 

(m,JV)=1 



where we set 



h,i(t,s):= / K kni (t, z)y s fj,hy P (z) + / ^fc. 7 _, (*, z)y s fi hyp (z) (k = 0, 2) 



and 



d 2 * 

mod iV 



denoting by fi(d) the Moebius function. 
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Proof. First note that 



y. 



Ecofl{z> s ) = E Im(7z) s = V 

ri(JV) 0O \r 1 (ff) (mn)eriW 

V - (41) 

^ |mz + n| 2s 

(m,n) = (0,l) mod AT 1 1 
(m,n) — 1 

In order to write the Eisenstein series without the coprimality condition, we define 
<X S ) := E 4 (Re( S )>l), 

(d,JV)=l 

and observe that 

0v(2s) 51 |mz + n| 2s E E |dmz + dn| 2s = 

(m,n) = (0,l) mod JV 1 1 d>0 (m,n) = (0,l) mod JV 1 1 

(m,n)=l (d,JV)=l (m,n)=l 

V V y - = V V y - . 

^ ^ \m'z + n'\ 2s ^ ^ \m'z + n'\ 28 

d>0 ( m '.n') = (0.d) mod N 1 1 0<u<N (m',n')6Z 2 

(d,JV)=l ( m ',n')=d ( U ' N ^ =1 (m' ,n') = (0,u) mod N 

Multiplying by £jv(2s) _1 = ^ anc ^ writing (m, n) instead of (m', n') yields 

(d,N) = l 

yS 

Eoofiiz, s)= V c u (s) V ; 

0<u<N (m.n)SZ 2 1 1 

(«,W) = 1 (m,n) = (0,u) mod JV 

Now, since T^N) acts freely on Af(N) and Aj*(JV) = A" + (TV) U A"~ (TV) , we obtain 

/ H kt i(t,z)E oo>0 (z,s)fj, byp (z) = 

Jr 1 (N)\n 

E cu(s) E X* fc,7( *' z V*W' Mhyp(z) = 



0<«<JV ( 7 ,(m,n))eA«(iV)/r 1 (iV)' 
(m,Ai) = 1 



E c «( s ) E X Kfc ' 7(t,z) i^+»i 2 ^ hyp(z)+ 

- '^+(jv)/ri(iv) 1 1 

V / K k>1 {t,z)- l——^(z)). (42) 

( 7 ,(m,n))eA7-(JV)/r 1 (JV) / 

For (7, (m, n)) e AJ t+ (jV) with 7 = ( 1+ c ^ N 1+ h dN ), we define the matrix 

1 / n -(d-a)N%-bm 
"~ g 7 (n,-m)5 V~ m ciVn - (d - a)7Vf 



/ TOT 

^(7,(m,n))eA«+(iV)/r 1 (JV) 
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One computes iJ^f^p = q ( w y _ m )s ( see [Zag77], p. 127) and an elementary calcu- 
lation proves the equality M~ ln fM = ji. Recalling that K kn (t, Sz) — K k ^-ijs(t, z ) 
(k = 0, 2) for any 5 G SL 2 (M), we obtain by the change of variable z i~> Mz 

J M Kk ^ z) \mz y + n\^^ z) = qj (n!- m )J M Kk ^ z)yS ^ {z) > 
and hence 

E I ^(M) , ^.^s ^hypiz) = (u,n(s,1) I K ktll {t,z)y s ^ hyp (z). 
A r + W /r l( V H 11 Jm 

(43) 

For (7, (m, n j) e A"~(7V) we define the matrix 

M' := 1 r ( n V- + b ™ ) e SL 2 



g_ 7 (n,-m)5 V~ m -cNn+(d-a)Nf 



and one verifies again ^^f^p = g _ 7 (n,-m)° as wel1 as M> 1 {~l) M ' = l-l- Since 
we have K kjJ (t, z) = K kj _y(t, z), the change of variable z i-> M'z implies 

/ H ^ V/+H 2 ^ hyp(z) = L Z) \mz + n\^ hM 

K kn _ l (t,z)y s h i hyp (z). 



Observing that g_ 7 = q y -i and q y -i = —q y , we find 

\mz + n\ 2s 1 



E y H ^(*^)i^is^w= (44) 

( 7 ,(m,n))eAJ'-(JV)/ri(JV) 



7 w / K kl _ l {t,z)y MhypW : 

(7,(™,«))eAr(Ar)/r 1 (Ar) 7 



( 7 ,(m,n))eA^+(JV)/r 1 (Ar) 

C«,at(s,0 / K kn _ l (t,z)y s n hyp (z) 



Equation (42) together with equations (43) and (44) proves the proposition. □ 

4.2 Hyperbolic contribution and Selberg zeta function 

In this section we compute the constant term in the Laurent expansion at s = 1 of 
the hyperbolic contribution Rn{t, s), i.e., by proposition 4.1.7, of 

R H (t,s)= E CM*,*) -Jo,J (*.*)) £ c u (s)C„,jv(s,0 (i>0). 

|i|>2 0<u<N 
Z=2 mod JV (u,iV)=l 
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4.2.1. Let N be an odd positive integer and I e Z with |Z| > 2 and I = 2 mod N. 
We denote by h t (N) the cardinality of set Qi^/T^N). The finiteness of /ij(JV) 
follows from the finiteness of the class number hi(l) of properly equivalent quadratic 
forms with discriminant I 2 — 4. 

Note that for a quadratic form q = [aN,bN,c] € Qi(N) the stabilizer Ti(N) q = 
SL2(Z) g n Fi(N) of q <G Qi(N) is an infinite cyclic group generated by a g := aft, 
where ao is the generator of SL 2 (Z) g and fc is the least positive integer such that 
c^o <= ri(iV). We denote by e q the eigenvalue of a q with s q >l which is, in fact, 



the fc-th power of the fundamental unit Eq m the real quadratic field Q(Vl 2 — 4). 
In particular, e q is independent of the choice q in Qi(N). Let us also mention that 
observation 44.4 implies Ti(N) q = Z(j q ), where Z{^ q ) is the centralizer of -f q in 

rw 

4.2.2 Proposition. Let N be an odd positive integer, I € Z wii/i |Z| > 2 and Z = 2 

mod TV, and < u < N with (u,N) = 1. T/ien, i/ie zeta function ( u ,n(s,1) defines 
for Re(s) > 1 a holomorphic function and has a meromorphic continuation to the 
whole complex plane with a simple pole at s = 1 with residue 

. , 2 

res s= iC„,Jv(s,0 = 2^ /v2 77^4 lo g( £ g) 
qeQi(N)/r 1 (N) iV v ' 

We prove this proposition in the appendix which is a slight variant of a result of 
E. Landau in [Lan03]. 

4.2.3 Corollary. Let N be an odd positive integer and I G Z with \l\ > 2 and I = 2 

mod N. Then the series 



Y c u(s)(u,n(s,1) 



0<u<N 
(u,N)=l 

has a meromorphic continuation to the half plane Rc(s) > 1/2 with a simple pole at 
s = 1 and residue 

res s=1 £ c u ( S )C^( S ,/) = ^- £ ^ 
o<u<n </eQi(^)/ri(JV) v 

(u,iV) = l 

Proof. Note that c„(s) with < u < AT and (w, N) — 1 is holomorphic for Re(s) > 
1/2. Therefore, by proposition 4.2.2, we have a meromorphic continuation of 



y c u (s)( UyN (s,i) 



0<u<N 
(u,N)=l 



to the half plane Re(s) > 1/2 and 

2 , 2 



res^ 

(u,JV) = l (u,iV) = l 



o<«<iv o<«<Af 9eQiW/ri(iV) v 



(46) 
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We have 

o<«<;v d>o fl ^ %|w p 2 77 pIW 1 p 2 

(u,JV)=l (d,JV)=l 

Plugging equation (47) in (46) and taking the formula (7) into account, the claim 
of the corollary follows immediately. □ 

Recall that we defined in section 3.3 the test function h(t,r) to be the function 

h(t,r) =exp(-t(i+r 2 )) (t>0,reR) 

with Fourier transform given by 

9(t,w) = — Lexp(-|- (t>0,wGR). (48) 



4.2.4 Lemma. For any i > 0, we have the Laurent expansion 

l2,i(t,s)-I ,i(t,s) = (s-l)A l (t)+O t ((s-l) 2 ) (s-H), (49) 

w/iere 

-oo 4 

urei/i n; := i+v/ i 2 ~ 4 and n, _1 £/ie eigenvalues ofn. Furthermore, we have 



it 1 f + °° h(t,r) , „ , . \ \ i 
A l (t):=-— + -J I ^cxp(-2zrlog(n i ))dr 



" (50) 

Proof. For the first statement see [AU97], proposition 3.2.2. For the second state- 
ment, we first observe that 

--Mt) = J-~i- / +0 °^4exp(-2zrlogM)dr= \ f g(£, 2 logfa))^. 
7T 2n ; 4tt „/_ 00 i + r 2 2 J 

(51) 



By definition, we have 

., r 

and the change of variable x :— \ yields then 



\ jf 2 logfaM = i ^ exp (-1 - »H!) d£ € M >0 , 



1 1 Z^ 00 . At* 

-AW = / ^^exp(-^ - (logM^dx. 

7T 2 7 1/t V47TX 2 



1/t 

Since 2 exp (-^) < 1 for x > 0, we find 



--Mt)<-J i/t exp(-(lo g (nO) ! x)dx= 5ffiwp „r'°«'-»''. (52) 
from which the claimed bound follows. □ 
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4.2.5 Proposition. For any t > 0, the function Rii(t, s) is holomorphic at s = 1. 
Furthermore, we have with n\ = ' +v ^ 2 ~ 4 

Rh ^=^ £ E ^h 10 ^ 

\i\>2 geQd^/r^N) Vl 

i=2 mod JV 



1 /"+ 00 h(t,r) 
2 ni + 4 



/•+ 00 fc(t,r) , „ , , Uj \ 
/ i 2 exp ( - 2zrlog(n;)Jdr ) . 

>/ —CO A ' r J 



Proof. It suffices to prove that Rjj(t,s) is bounded at s = 1. From corollary 4.2.3 
and lemma 4.2.4 we find the inequality 



(J 2 ,i(t,l)-/o,j(M)) ]T C„(l)CiV,„(l,/) 



0<m<IV, 
(u,JV)=l 



" 2(log(n i )) 2 v N VW^l ' 1 j 



We first note that hi(N) can be bounded by the classical class number by 
hi(N) < ht(l) [SL 2 (Z) : ri(AT)] and that eg = e g holds for some < k < <p(N). 
Since by Siegel's theorem (see [Zag77], p. 85) 

E h ^ 1 =0(n (l-oo), (54) 

0<D<l 2 -4 * 



we obtain 



2 n -log("i)/* 



E (^(t,l)-/o,(t,D) E c„(l)Civ >u (l,0 <^Eiyi2 

|(|>2 0<m<AT |j|>2 V 81 " 

(=2 mod iV (u,JV)=l 

(55) 

with Cm some constant depending solely on N. As for I > cxp(3i) we have 

;2 - log(ni)/* 

i 7 — 1 — S 

with e > small enough, the series on the right hand side of inequality (55) con- 
verges, which proves the holomorphicity of Rnit, s) at s = 1. 

The claimed value of Rii(t, s) at s = 1 follows now from corollary 4.2.3 and lemma 
4.2.4. □ 

4.2.6 Definition. Let 7 e Ti(7V) 6e a hyperbolic element, i.e., | tr('y)| > 2. The 
norm N(-f) 0/7 is defined by N(-f) := w 2 , w/iere u is t/ie eigenvalue 0/7 wif/i w 2 > 1. 
We denote by 70 i/ie generator of the centralizer Z(-y) of 7, and caZi 7 primitive if 
7 = 70 /10/rfs. 

4.2.7. The Selberg zeta function Z ri ( N - ) (s) associated to Ti(N) is defined via the 
Euler product expansion 

Zr l{ N)(s):= 1] Z M (Re(s)>l), 
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where H(Ti(N)) denotes the set of primitive conjugacy classes of hyperbolic ele- 
ments in Ti(N) and the local factors Z 7 (s) are given by 



oo 

Z,{s) :=n(l-M7)- (a+n) ) 



n=0 



The Selberg zeta function Zr 1 (jv)(s) is known to have a meromorphic continuation 
to all of C and satisfies a functional equation (cf. [Iwa02], section 10.8). 

4.2.8. The hyperbolic contribution Q Tl ^ N - ) (t) in the Selberg trace formula (cf. 
[Iwa02], theorem 10.2) is given by 

hyperbolic 

For 7 e ri ! ;(A r ), one easily verifies, using the fact tr(7) = YV^) 1 / 2 + 7V(7) _1 / 2 , the 
formulas 



o = n l ■ 



Further, note that the primitive element 70 associated to the hyperbolic conjugacy 
class [7] generates the centralizer Z(j) = ^(70) (see [Iwa02], p. 137), and hence 
equals the generator a q ^ of the stabilizer T\(N) q ^ of g 7 . Therefore, we have 

©r lW W= E E 2 ^0lg{t,2\og{n l )). (56) 

|«|>2 qeQiim/r^N) v 

i=2 mod N 

For any t > 0, we have by formula (51) 

R H (t,i) = -^-J e Tl{N) (m- (57) 

4.2.9 Proposition. The integral Jg ©ri(iv)(£)d£ * s asymptotically equivalent to t 
for t — > oo, i.e., 

/ 0r lW (O^~i 
Jo 

holds. Furthermore, we have 

/ + ~(e riW (t)-l)d*=Bm( r ^ JV)W 
Jo \ z ri( 



Proof. Having McKean's formula (see [McK72], p. 239) 



1. (58) 



1 ^ri(jv)( s ) 



r+00 

/ exp(- s(s- l)i)6 ri (jv)(t)dt, 
Jo 



2a-lZ riW (s) 

the proof is exactly the same as the proof in [AU97], proposition 3.3.3, for T (N). □ 
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4.2.10 Corollary. The hyperbolic contribution Rii(t, 1) for t — > oo is given by 

R H (t, 1) = -J- J- lim f ^ W ^ - - J- U J- + o(l). 

Proof. This follows now immediately from observation (57) and proposition 4.2.9. 

□ 



5 Contribution of Rankin- Selberg of spectral and 
parabolic part 

In this section we determine the contribution of the Rankin-Selberg transforms of 
the remaining r 1 (A^)-invariant functions P k (t,s), C k {t,s), and D(t,s) (k — 0,2) of 
formula (23). The contribution of P k (t,s) can be taken from [AU97] which we cite 
at the end of the second section of this chapter. 
First observe that we have (for suitable s) 

r- r+CO 

/ P k (t, z)E oofl (z, s)^ hyp (z) = / p k (t,y)y s - 2 dy (fc = 0,2), 

Jr 1 (N)\u Jo 

and 

p r+co 

/ C k (t,z)E oofi (z,s)fi h y P (z) = / c k (t,y)y s ~ 2 dy (fc = 0,2), 

Jri(Jv)\H Jo 

where p k (t,y) and c k (t,y) are the 0-th Fourier coefficients of P k (t,z) and C k {t,z) 
with respect to the cusp oo, respectively. Proceeding as in [AU97] we provide a 
further decomposition of the sums p k (t, y) + c k (t, y), k = 0, 2. Recall that the 0-th 
Fourier coefficient of the Eisenstein series E a ${z, s), o€ Pr 1 (N): 1S given by 

a {y, s; aoo, 0) = 5 aoo y s + ip aoo (s)y 1 ~ s , 
where <p a oo(s) is defined as in (25). Then, for s = \ + ir e C, we have 

53 |«o {y, \ + ir; aoo, 0) | 2 = 2y + tp^oo (5 - *r) y 1+2ir + ^=0=0 (| + ir) y 1_2ir 

aeP Tl (N) 

(59) 

since the scattering matrix $(s) = (<£>ab(s)) n b£Pr N is unitary for Re(s) = \ (see 
[Iwa02], theorem 6.6). By observation (13), we find 

(\ + ir) a (y, | + ir; aoo, 2) = A (a (y, § + ir; aoo, 0) ) = 
(5 + ir) <5 aoo y5+"- + <^ 0(X) (i + » r ) (± - ir) y3- <r , 
which implies 

53 | ao (y,i+zr;aoo,2)| 2 = 2y+^ coco (i-*r)fi^y 1+2 "'+ (60) 



ir 



Voooo (5 +ir) \ y 



\-2ir 



2 +ir- 
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Let us define for k — 0, 2 the functions 

r+i 



Pk,i(t,y) •■= Jffc, 7 (i,a; + iy)da;, 



(61) 



7erx(AT) 

|tr( 7 )|=2, 7 ^r 1 (iV) 



and 



Pk,2(t,y) ■= / i ^2 K kn (t,x + iy)dx 
5 7 er 1 (Ar) 00 



J/_ 
2tt 



h(t,r)dr (62) 



ck.i(t,y) ■■= - 



I ^ h(t,r)^(l-ir)(^yy^dr- 2 -^^-, (63) 

J — OO \ 9 W/ 



2 wjv' 



Ck,2(t,y) := -— ^2 h(t,r) E a . k (x + iy,\+ir) drdx, (64) 

aeP ri(N /-§ •'-oo 

with i? a , fe (x + zy, | + ir) := E a , k (x + iy,\ + ir) - a (y, \ + ir; aoo, k) . With the 
above notation, observations (59) and (60) allow us to write 

Pk{t,y) + c k (t,y) =Pk,\{t,y) +Pk,2(t,y) +c k ,i(t,y) + c k , 2 {t,y) (k = 0,2). 
Defining the integrals 

r+oo 

Rp k A^ s )--= p k At,y)y s ~ 2d y (fc = o,2 ; . 7 = i,2). 

Jo 



we find 



and 



r+oo 

R Ckj (t,s):= c kJ (t,y)y s - 2 dy (k = 0, 2;j = 1, 2) 

Jo 



R P (t, s) = (R P21 (t, s) - R Po i (t, s)) + (R P2 2 (t, s) - R Po 2 (t, s)) (65) 



R c (t, s) = (R C2A (t, s) - R C(K1 (t, s)) + (i? C2 , 2 (t, «) - Rc , 2 (t, «)) ■ (66) 
5.1 Rankin-Selberg of spectral contribution 

5.1.1 Lemma. For s e C with 1 < Re(s) < A, where A is as in 2.7, and t > 0, we 
have 

1 



R Ca At, s ) = --h{t,^) Vococ {^) 



and 



Rc 2 Jt, s) = -\h (t, f ) Voooo (i±«) i-pi. 
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Proof. The proof is similar to the proof in [AU97], lemma 3.2.17 for the congruence 
subgroup To(N). Since loc. cit. there is no proof in the case k — 0, we give for the 
convenience of the reader a proof here, and refer to [AU97] for the case k — 2. 
The idea is to apply Mellin's inversion theorem. To this end, we consider, for a fixed 
t > 0, the function h(t, r)¥>oooo (| — ir) y 2%r as a function in the complex variable r. 
This function is holomorphic in the strip < Im(r) < ^ except for a simple pole 
at r = |, as t/Joooo (| — ir) has a simple pole there with residue Furthermore, 
this function tends to for Re(r) — >• oo by the fact that (| — ir) is uniformly 

bounded by [Hej83], theorem 12.9. Now, for c e R such that | < c < ^, the residue 
theorem implies 

- £ J + °° h(t, r)^ (i - ir) y 24r dr = 

| ^ +00+, Mt,r)^oooo (| - ir)2/ 2ir dr-^ (t, §) res r= , (§ - ir)j) = 

/+oo+ic 
ft(*> t-)^cooo (| - ir) y 2ir dr + — . 
-oo+ic V N 



2tt . 

~ 2^ 
Hence we have 



r+OO+ic 

Co,i(t,y) = -— / /i(*) r )Voooo (5 - «r) y 2 * r dr. 

^ 7r J -oo+ic 

If we change the variable by s = — 2ir, we obtain 

/>2c+ioo 

co,i(*, y) = -T~- h(t,%) ^oooo (^) y- s d s , 

47rl J2c-ioo 

and from the inverse Mellin transform we deduce the claimed equation 

[ + °° 1 
RcoA t > s ) = J o c . 1 (t,y)y s - 2 dy = --h(t,f)^ ODOO (^) . 



□ 



5.1.2. Let f(z) be an automorphic function of weight with respect to Ti(N) with 
eigenvalue A and of rapid decay at the cusp 00. Then, we have 

f \A a (f(z))\ 2 E oofi (z,s)fi hyp (z)=(\+^-^-) [ \f(z)\ 2 E^ (z, S )^ hyp (z). 
Jri(Jv)\H V z / Jr 1 (N)\m 

The proof is analogous to the proof of [AU97], lemma 3.2.18, where this statement 
is formulated for the congruence subgroup T a (N). Namely, the Rankin-Selberg 
method implies as in [AU97] 

/ \Aof(z)\ 2 E co . a (z,s)fj, hyp {z) = 

Jr 1 (N)\m 



2 L 



A (|/(z)| 2 ) £oo,o0, s)fi hyp (z) + X / \f(z)\ 2 E oofl {z,s)n hyp {z). 

(JV)\H Jri(JV)\H 

(67) 
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Since s(l — s) is the eigenvalue of £^0(2, s), Green's second identity implies 

8(8-1) 



f A (\f(z)\ 2 )E oofi (z,8)» hyp (z)= S -( S - 1 ± f IMfE^ofra^iz). 
Jr 1 (N)\m / Jr 1 (N)\M 



(68) 



Plugging equation (68) in equation (67) the claim follows. 
5.1.3 Lemma. For seC with Re(s) > 1 and t > the integrals 

r+co 

Rc k2 (t,s) = / c k . 2 (t,y)y s - 2 dy (k = 0, 2) 

Jo 

exist and have a meromorphic continuation to the whole s-plane with a simple pole 
at s = 1. Furthermore, we have 



Rc 2 , 2 (t,s) = R Co , 2 (t,s) + 



8(8-1) 



r+oo 

/ c*, 2 (t,y)y s - 2 

Jo 



where c* 02 (t,y) is defined as co t2 (t,y), but with the function h(t,r) replaced by 

ft'(*,r):=M- 
4 +r 2 

Proof. Recall that we have by definition 

»+oo 

8-2, 



ck,2(t,y)y s dy 



1 

47T 



+00 



E 

^aeP ri (iv) 



+ 1/2 /■+c» 



1/2 J-00 



r) (x + iy, \ + ir) 



drdx I y s 2 dy. 



Since E a fl(x + iy,\ + ir) and also E aj2 (x + iy, \ + ir) are of rapid decay as y — > 00 
by [Roe67], lemma 10.2, we find that the expressions 



E 



ri(N) 



1/2 ,+00 _ 2 

/ h(t,r) S a .fe (a + iy, \ +ir) drdx (A; = 0,2) 

-1/2J-00 



satisfy the growth condition of 3.7, and the first statement of the lemma follows. 
For the second statement, note that we are allowed to interchange the integrals for 
Re(s) > 1. Hence we have for k = 0, 2 



/ c ka (t,y)y s ~ 2 dy = 
Jo 

\aer ri(N) 



(69) 



47T 

Since we have 



(N)\m 



E a .k (z, \ + ir) 



E 00 ,o( z ^ s )t J 'h.yp(z) dr. 



A, 



(Xo (z, \ 



(|+*r) S a ,2 («,|+ir), 



(70) 
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and as E a fl (z, \ + ir) is an eigenfunction of the hyperbolic Laplacian A with eigen- 
value | + r 2 , which is of rapid decay at the cusp oo, equation (70) and observation 
5.1.2 imply 



E 



ri(JV)\H 



\E a ,2(z,l+ir) E cofi (z 1 s)^ hyp (z) = 



s(s-l) 
2(| + r 2 ) 



E 



ri(JV)\H 



E a fi (z, \ + ir) Eocfiiz, s)fi hyp (z). 



Therefore, we have by equations (69) 



r+oo s ^ s _ ^ r +oo 



c2A t iv)y s d v 



-f 

Jo 



co,i{t,y)y s 2 dy + 



co, 2 (t,y)y s dy, 



where 

c o,2(^y) : = 



47T 



E 



aEP, 



+oo 2 

h*{t,r) E afi (x + iy, \ + ir) drdx (71) 



ri(N) 



h(t,r) 



with h*(t,r) = — '—. This completes the proof of the lemma. 

3 + r 2 

5.1.4 Lemma. For s E C with Re(s) > 1 and t > 0, we have 

s(s — 1) fi(t^ 



□ 



E 



Proof. Since the u/s are cusp forms they are of rapid decay at all cusps and the 
Rankin-Selberg transforms exist for Re(s) > 1. By observation 5.1.2 we find 



#|A (u.,)| 2 (M) - + 
which implies the claim of the lemma. 



s(s-l) 



R\u 3 \ 2 (t, s ) 



□ 



5.2 Spectral and parabolic contribution 

5.2.1. Note that for an odd and squarefree positive integer TV, we have by [Hej83], 
p. 566, proposition 6.3 



• "' - L - L i — V 

p\N 



T(s)C(2s) 



2 s 



where y>oooo(s) is the function in the constant term of the 0-th Fourier expansion 
of the Eisenstein series E OOt0 (z,s). (In the notation loc. cit. we have to choose 
x\ = X2 = 1 and ,41=^2 = 1, which corresponds to the cusp oo). One easily 
computes its Laurent expansion to be 



(s) 



1 1 1 

T + 



2 7 + 



*E 

p\N 



P 2 log(p) 

p 2 - ] 



O(s-l), 



(72) 



Ml 



where 7 is the Euler constant and a is the derivative of r{s)((2s) at s = 1- 
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5.2.2 Proposition. Let N be an odd and squarefree positive integer. For any t > 0, 
we have the following Laurent expansion in a neighbourhood of s = 1 

#c 2jl (M) - R c ,i(t,s) = 

7 + n — + 7^— l + 2 7 + — - 2> ^ BV f ; +0 s-1 . 

«iv s - 1 2v N 2v N I 6 p 2 - 1 I 

Proof. By lemma 5.1.1, we have 

#C 2ll (M) - (t, f ) Voooo(^)^, 

which is holomorphic at s = 1. Then, since /i(t, |) = 1, we obtain by observation 
(72) the Laurent expansion 

Rc 2A {t,s) = ^ N +0{s-l). (73) 

Again by lemma 5.1.1, we have 

-R Col (t, S ) = ^h(t,f)i Poooo (^), 

which has a pole of order one at s = 1. Then, since 

Ifc ( t) f ) = 1 cxp (_ 4 (1 + (M )2) ) = 1 + l t(fl _ 1} + O ( (s _ 1) 2 ) , 

we obtain again by (72) the Laurent expansion 

-Rc , 1 (t,s) = -^- + -^ + -^[2 7 + a ^-2^^-logp) +0(s-l) 
v N s - 1 2v N 2v N \ 6 1 J 

which implies with the Laurent expansion (73) the claim of the proposition. □ 

5.2.3 Proposition. For any t > 0, we have in a neighbourhood of s = 1 the 
following Laurent expansion 

Rc 2 , 2 (t, s) - R Co , 2 {t,s) = C 4 (t) + 0(s - 1), 

where the constant Ci(t) tends to zero as t — > oo. 

Proof. By lemma 5.1.3 we have 

s(s — 1) / >+ °° 

Rc 2 , 2 (t,s)-R Co , 2 (t,s)= y 2 ; y C ^ 2 (i,y)2/ s - 2 dy, 

where we set 

1 ^ f 1 / 2 f + °° h(t r) ~ 2 
Co,2(*> 2/) = >. / / i ,' , ^a.o^ + iy, I +ir) drdx. 

« n(: p J -1/2 J -co Z+ r 
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By means of 3.7 the integral 

r+oo 

/ c* 0t2 (t,y)y s - 2 dy 
Jo 

has a meromorphic continuation to the whole s-plane with a simple pole at s = 1. 
Therefore Rc 2 , 2 (*j s ) — ^c .2 s ) i s holomorphic at s = 1 for any t > 0. Since we 
have chosen h(t, r) — cxp(— t( \ + r 2 )) the constant C±(t) in the Laurent expansion 
tends to as t — > oo, as we claimed. □ 

5.2.4 Proposition. For any t > 0, we have in a neighbourhood of s = 1 the 
following Laurent expansion 

*»(*.•) -^f;^ +<*-!). <m> 

Proof. We know from 3.7 that all p(s) have a meromorphic continuation to the 
whole s-plane with a simple pole at s = 1 with residue v^ 1 . Hence the summands 

s(s-l) h(t, rj ) 

2 A~ |u ' |aW 

are holomorphic at s = 1, and since the series 

j=i ^ 

converges uniformly in a neighbourhood of s = 1, the series is holomorphic at s = 1. 
From this the Laurent expansion (74) follows immediately. □ 

We conclude this section by recalling some known results from [AU97]. Let N 
be a positive integer. We denote by d(N) the number of positive divisors of iV and 
by a s (N) := d s , s g C, the divisor sum of N. 

d\N 

5.2.5 Proposition. For any t > 0, we have in a neighborhood of s = 1 the following 
Laurent expansion 

Rp 21 (t,s) - R Po i (t,s) = 
( 1 1 h(t,r), \ (f(N)d(N) 1 



-dr 



y 2 47T J_ 00 i + r 2 y wat s - 1 

tpjNWNWt) _ <p(N) ( 1 _ l_ f +co Ht,r)\ x 
vjv vat \2 ^ Loo \+r 2 J 

<w (* + f - E >o g ( P ) + (1 - s^j) -co) + o { , - 1). 

w/iere a is the derivative of V^ r(s)C{is) a ^ s = 1 an d C\{t) is a function, which 
converges for t — > 00 . 
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Proof. Every element 7 <G Tq(N) with | tr (-y) | = 2 lies already in Ti(N) as we have 
7 = ( 1+ c a 1-0) with fl2 = = mod N - Hence we can just apply [AU97], p. 57, 
equation (28), and p. 60, lemma 3.3.10. □ 

5.2.6 Proposition. For any t > 0, we have in a neighborhood of s = 1 the following 
Laurent expansion 

RP2 2 {t, s ) - Rp 2 {t, s) = 

(5 + lh + ( r,,2) + 7 4 ;' 08,to) + 7GW + at.)) + 0(s-l), 

w/iere C^i) and C^) are functions in t tending to as t — > 00 ana" 7 denotes the 
Euler constant. 

Proof. Also here, as every element 7 € r (A r ) with | tr(^y)| = 2 lies already in Ti(N), 
we can apply [AU97], p. 57, equation (28) and p. 60 on the top. □ 

6 Analytic part of U 2 N 

In this section we determine the analytic part of the stable arithmetic self-intersection 
number of the relative dualizing sheaf, i.e., we obtain an asymptotic formula in N 
for the Greens function evaluated at the cusps and ood, d € (Z/iVZ) x , of Ti(N). 

6.1 Lemma. For an odd and squarefree positive integer N, we have 

,- ( , S 1 1 \ 1 In a7T V- +2p+ 1 . , , \ 

hm <p Qoo {s) = — 2 7 + — + V - 2 log (p) , 

«^\ 1>JVS-1/ %l p\N P 1 J 

; _r( s -i) 

where 7 is t/ie £7uZer constant and a is the derivative of v 7r r(s)c(2s) a ^ s = ^■ 
Proof. From [Kei06], Satz 1, p. iv, we have for any j 

e=i 

here v 3 denotes the ramification index of the cusp 0j of Ti(N) lying over the cusp 
of the congruence subgroup T (N) contained in Ti(N), r^ refers to the number of 
cusps oo£ lying over the cusp 00 of T n (N), and, for c e N, 

b T °J; N) (c) = # I (* *) e 9o - 1 r (Ar) o9 oW 1 ro(^)5cx>/^ 1 ro(^)cx>5cx>} 

with .go = ( 1 V ) and 5°° = ( 1 ) °f SL 2 (Z) mapping the standard cusp 00 of SL 2 (Z) 
to the cusps and 00, respectively. The quantity OQ jCOi (c) is defined by (26). 
In the sequel we will choose for 0j the cusp of Ti(iV) as the cusp lying over the 
cusp of r (^V); since we have r (A r ) = Ti(./V)o, the cusp of Ti(N) is unramified 
over the cusp of T (N), which shows v 3 Q = 1. Furthermore, as the group Ti(N) is 
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normal in T (N) and since again T (N) ca — Ti(N) OQ , all the cusps oo^ lying over 
the cusp oo of r (N) are unramified, whence 

r oo = [T {N):T 1 (N)]=i P (N). (75) 

Note that we have (in the obvious notation) 

voi hyp (r 1 (7V)\H) = [r (AO : r 1 (7V)]voi hyp (r (iv)\H). 

Then, the lemma follows immediately from lemma 3.6 and the Laurent expansion 
for odd and squarefree N (see [AU97], p. 67) 

= 1 L_ + 

^ Oo ° [) vol hyp (r (7V)\H) S -l + 

1 / (27T v-^ — p 2 + 2p + 1 , , . \ ^. 

□ 

6.2 Theorem. Let N be an odd and squarefree positive integer. Then the constant 
term Cf in the Laurent expansion of the Rankin- Selberg transform Rf(s) of F at 
s = 1 is given by 

C F = ^lim^ lW (*) 1 V 



2g N v N ^Z ri( jv)(s) s - 1 J 

1 ( n , 9 ,<wr O ^ p 2 log(p^ r , (2)+ 7 -log(47r) 



25Af«w \ 6 ^ p 2 - 1 / 47rgAr 

<p(N)d(N)( ott v^2n + l , N / 1 

^^r-^-T+gfrr^-l 1 -^) 



where 7 is i/ie Euler constant, a is the derivative of \pK y( s )C\1s) °^ s = ^> ^ * s 
i/ie Zimii Ci := lim^oo C\(t) (coming from proposition 5.2.5). 

Proof. The idea of the proof is to use equation (23) and to determine the constant 
terms in the Laurent expansions at s = 1 of the Rankin-Selberg transforms on the 
right-hand side as t — > 00. This gives an expression of Cf, since by proposition 
5.2.4, we have 

j=i j 

and, with h(t, r) = cxp (— + ?" 2 )), we find Hindoo Ro(t, 1) = showing that on 
the left-hand side there is no contribution from the discrete part adding to Cf- 
Now we determine the constants in the Laurent expansions of the Rankin-Selberg 
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transforms on the right-hand side of equation (23) as t — > oo. From corollary 4.2.10 
and proposition 5.2.2 we find 

Hm lim (R H {t, a) + (R^ (t, s) ~ R Cqa (t, «)) - ^ ^) = 
_ JL lim K W fgj _ J_ \ + J_ / 2 _ v P 2 log(p) \ 

Denoting by i?i the residue of Rp 2 1 (t, s) — R Po 1 (t, s) at s = 1, we find from propo- 
sition 5.2.5 

lim lim [Rp 2 1 (t, s) - R Po 1 (t, s) - ) = (77) 



<P(N)d(N) {, 
2v N 



where Ci is the limit C\ :— lim^oo C\(t). From proposition 5.2.6 we find 

lim lim ( Rp2t2 ( t ,s)-R P0i2 (t,s) - (±+C 2 (t)\ ' ^- r ' (2 - , + " " lo " (4 "> 



(78) 

and proposition 5.2.3 implies 

lim lim (R C2 2 (t, s) - i? Co 2 (*, *)) = 0. (79) 

Collecting all constants (76), (77), (78), and (79) and dividing them by gjy, proves 
the claim of the theorem. □ 

6.3 Corollary. Let N be an odd and squarefree positive integer satisfying N = 11 
or N > 13. Let X(Ti(N)) = Xi(N)(C) be the modular curve with genus > 0. 
Then for the cusps 0,oo d G Xi(AT)(C), d € {Z/NZ) X , we have 

, n v 27T 1 \ 

5ca„(0,oo d ) = hm y > + 

g N v N s-n ^Z ri (jv)(s) 

2^ 4 2 «7r 2 y^ p 2 log( P A r(2)+ 7 -log(47T) 
6 4^ p 2 -l i oat 



Satvjv V b p* - 1 I g N 

\ p\N / 

I ' 6 ^P+l 6W V d(N)J 



2ir ( ait -p 2 + 2p + 1 , .A /l 
— 2 7 + — + V - 2 \ log (p) + O — 

r( s -i) 

where 7 is i/ie Euler constant, a is the derivative of v^ r(s)c(2s) a ^ s = 1 a7J ^ Ci * s 
i/ie constant from theorem 6.2. 
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Proof. By proposition 3.8, we have 

Stan(0,oo d ) = 4ttCf - 2?r lim ( (p 0o o(s) + O 



\ vn s — 1 / 

Hence lemma 6.1 and theorem 6.2 imply the statement of the corollary. □ 

6.4. A bound for the constant term in the Laurent expansion of the logarithmic 
derivative of the Selberg zeta function at s = 1 is provided by a result of J. Jorgenson 
and J. Kramer in [JK01], p. 29, namely 

lim ( |45 - A) = ^ 
s->i \Zr(s) s — 1 I 

7 

where the implied constant depends only on e. There is the weaker bound E [Ns ) 
due to P. Michel and E. Ullmo in [MU98], corollary 1.4. 

6.5 Theorem. Let N be an odd and squarefree positive integer satisfying N = 11 
or N > 13. Let X(Ti(N)) = Xi(N)(C) be the modular curve with genus g^ > 0. 
Then for the cusps 0,oo d G Xi(iV)(C), d G (Z/NZ) X , we have 

^9n{9n ~ l)5can(0, Qo d ) = 2g N + o(g N log(iV)) . 

Proof. From corollary 6.3, we deduce 

4g N {9N - l)ffcan(0,OO d ) = lim ' + 

v N s->i yz ri(A r)(s) s - ly 
8n(g N -l)( an s ^p 2 \og(p) 



VN 



2 + 2 7 + y - 2 E + 4 - 1} ( r ' (2) + 7 - log(47r) ) + 



87T V (JV)d(iV)( fljV -l 



tr-i(JV) - 



8irg N {g N - 1) / ott ^ -p 2 + 2p + 1 \ 

^ 27+ "6~ + ^ 1o &(p))+°(9n). (81) 

\ p|iV / 



The asymptotic 

24( 5J v - 1) 



U P \ N (P 2 !) 
together with ujv = f ripi^ 2 - x ) impty 

8^ ( 3A r - 1) 48 (g N - 1) 



= l + o(l) 



2 + o(l). (82) 



y N U P \ N (P 2 - !) 

Hence, since we have 

^ + Y + E ^ r 2P x + 1 lo sW = 1 °s( Ar ) + o( logiog(iv)) , 
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we find with observation (82) 



v I 7 ~6~ ^ ^1 l0 S( p ) J = 2 ffAr log(AT) + o( 5A r log (iV)). 

WW \ p\N P J 

Noting that all other summands on the right-hand side of (81) vanish in the little 
o-term (for the first summand we use the bound (80)) we obtain 

^9n{9n - l)5can(0,oo d ) = 2g N \og(N) + o(g N \og(N)) . 

□ 



7 Geometric part of uj 2 n and main theorem 

7.1. Let X\(N)/Q be the smooth projective algebraic curve over Q that classifies 
elliptic curves equipped with a point of exact order N. There exists a canonical 
analytic isomorphism 

j-.X^N)) =T 1 (N)\(mu¥ 1 Q ) — ►Xi(JV)(C), 

and we say that a if-rational point x £ Xi(N)(K) is a cusp if x E j(Ti(N)\Pq). 
Note that the cusp of Xi(N)/Q is Q-rational and the cusp oo of Xi(N)/Q is 
Q(Cjv)-rational (see [Ogg73], proposition 1). 

7.2. Let Xi(N) /Q(( N ) = Xi(N) x Q Q(Cjv) be the modular curve over the cyclo- 
tomic field Q(Cjv)- Let A"i(AT)/Z[Cjv] be the minimal regular model of Xi(7V)/Q(Cjv), 
i.e., a regular, projective, and flat Z[(jv]-scheme with generic fiber isomorphic to 
Xi(N)/Q((n)- Under the assumption that gjy > 1, minimality means by Castel- 
nuovo's criterion that the canonical divisor Kn corresponding to relative dualizing 
sheaf is numerically effective, i.e., Kn • V > holds for every vertical prime divisor 
Vof X 1 (N)/Z[Cn]. 

Integral models of modular curves were intensively studied by many people. We 
collect in the following proposition some facts from [KM85] we need in the sequel. 

7.3 Proposition. Let N be a squarefree positive integer of the form N = N qr with 
q and r two relative prime integers satisfying q,r > 4. The minimal regular model 
Xi(N)/Z[(n] has smooth fibers over prime ideals p o/Z[(jv] with p \ N. For p\N 
the fiber of Xi(N) /Z[(n] over p is the union of two irreducible, smooth, and proper 
k{p)-curves Ci iP and C 2 , p , k(p) the residue field at p, intersecting transversally in 



p-i tp(N/ P )N / l 

-^4 , 



,„:= — ., U(l ) (83) 



k(p) -rational points. Moreover, the curves C\ iV and C2,p are isomorphic. 

Proof. First we suppose that there is a regular model of Xi(N) /Q((n) with fibers 
as described in the proposition. Then, the adjunction formula for arithmetic sur- 
faces immediately implies Kjy • V > for every vertical prime divisor V, hence the 
regular model is minimal. As a minimal regular model is unique up to isomorphism, 
it suffices to find such a regular model. 
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Let 0Jt(ri(iV))/Z[6v] be the compactified coarse moduli scheme of canonical bal- 
anced Fi (iV)-structures as described in [KM85], chap. 9, which exists only if N is a 
positive integer of the form N = N qr with q and r two relative prime integers sat- 
isfying q,r > 4. It follows from the modular interpretation that DJl(Ti(N)) 
is a model for X 1 (N)/Q(( N ). That M^^N)) /Z[( N ] is a regular model having 
smooth fibers over p \ N follows from [KM85], theorem 5.5.1, theorem 10.9.1, and 
the summarizing table on p. 305. For p\N the fiber of Xi(N) over p is the 
union of two irreducible, smooth, and proper fc(p)-curves which are isomorphic and 
intersect transversally, follows from [KM85], theorem 13.11.4. The formula for the 
intersection number s p follows from [KM85], corollaries 5.5.3 and 12.9.4. □ 

7.4. Let 0,oo e X 1 (N)(Q(Cn)) be the cusps with representatives (0 : 1), (1 : 0) in 
Pq, respectively. We let Hg^Hrx, be the horizontal divisors obtained by taking the 
Zariski closure of 0,oo in Xi(N)/Z[(n], respectively. Note that for m = 0,oo there 
exists an open subschemes containing H m , which is smooth over Z[£jv] ( see [KM85], 
theorem 10.9.1). 

7.5 Proposition. Let N be a squarefree positive integer of the form N — N qr with 
q and r two relative prime integers satisfying q,r > 4. Then, there exist vertical 
divisors V m € DW(Xi(N))q (m = 0, oo) satisfying 

(W lW/Z [Gv] ® Xl{N) (H m f-^»-V ® Xl(N) {V m )) ■ Xl{N) {V) = (84) 

for all vertical divisors V of Xi(N)/'E[(n]. Furthermore, we have the following 
intersection numbers 

{V , Vo)Bn = (Voo, V^Bn = -(V , K X >)fin - -<p(N) ^ N ~ ^ V l g(p). 

llp\N[P L > p]N P 1 

(85) 

Proof. We start by considering a fiber over a closed point p G Spec(Z[(jv]) with 
p\N. The fiber consists by proposition 7.3 of the two irreducible components Ci ;P 
and C2, p . The horizontal divisors H and ifoo intersect the fiber in a smooth k(p)- 
rational point, and, by the cusp and component labeling in [KM85], p. 296, they 
do not intersect the same component. We denote by Co, p and Coo,p the component 
intersected by H and H^, respectively. Let us define the Q-divisors 

t/ 9n — 1 n , T/ 9n — 1 n 

V0,p •— (-Up ancl V °o,p •— ^oo,p- 

Sp Sp 

Then, we claim that 



V ~ y o,p and V x := £ V c 



oo,p 



pes P oc(z[c N ]) peSpcc(z[Civ]) 

p|JV p|JV 



fulfill the conditions stated in (84). Noting that 

K N ■ C ,p = degwc 0iP /fe( P ) = degwc 00iP /fe(p) = K N ■ C^p 

and K N ■ (C ,p + Coo, P ) = 2g N - 2, we find K N ■ C ,p = K N ■ = g N - 1. We 

have to consider the following three cases: 
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(i) V = V p with p \ N. In this case we calculate, using the adjunction formula 

(w* lW /z[U] ®0 Xl[N) {H m r-^- 2S > ®0 Xl(N) {V m )) ■0 Xl[N) (V) = 
(2g N - 2 - (2g N - 2)) log (tffc(p)) = 0. 

(m) V = C m .p with p|iV. In this case we calculate 

(^ Xl (N)/z[c N ]^0 Xl{N) (H m )^-^- 2 ^0 Xl{N) (V m )) -0 Xl{N) (V) = 
(g N -l- (2.9JV - 2) + g N - l) log ($k(p)) = 0. 

(in) V ^ C m .p with p\N. In this case we calculate 

(w Xl (N)/z[W ®0 Xl{N) (H m )®-^-V ®0 Xl(N) {V m )) -0 Xl{N) (V) = 



(gN-i- (g N - i)) log fltfc(p)) = 0. 

This proves the first part of the proposition. Now, proposition 7.3 implies 

(Vo, Vo)fi n = {Voo, V^o)fi n = — (Vo, V^o )fi n = — — ^ — Co.p ■ Coo.p = 

p\N S P 

^ (. 9jv -l) 2 log(tffc(p)) _ 1 x . log (tffc(p)) 

p \n s p p \n p 1 p|p iU\N/ P {i A ; 

Noting that ^ log (t)fc(p)) = <p(N/p) log(p), we obtain 
p|p 

(Vo, V ) fin = (Voo, Voojfin - -(Vo, VocOfin = -p(JV) ^ V ^1 l og(p)j 

which proves the proposition. □ 

7.6 Proposition. Le£ N be a squarefree positive integer of the form N — N qr 
with q and r two relative prime integers satisfying q, r > 4. Let 0, oo be the cusps of 
X(Yi(N)) with representatives (0 : 1), (1 : 0) in Pq, respectively, and let Vo, Vx, be 
the vertical divisors of proposition 7.5. Then, we have 



u>% = ^9n{9n ~ l)ffcan(0, oo) + 1 9N + \ (V , . (86) 



Proof. Formula (86) is analogous to the corresponding formula in proposition D of 
[AU97] and, in the smooth case, the formula given in [Szp90], p. 241. 
We start by noting that a multiple of the line bundle 

(^ i{ n)/z ICn ] ®O Xl{N) (H )®-^»-v ® o Xl(N) (v ))\ Xi{N) e Ji(A0(Q(Ov)) 

has support in the cusps. Hence a well-known theorem of Manin and Drinfeld (see 
[Dri73]) says, that it is a torsion element in the Jacobian </i(-/V)/Q((jv)- Now, as 
condition (84) is satisfied, a theorem of Faltings and Hriljac (see [Fal84], theorem 
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4), and the fact that the Neron-Tate height vanishes at torsion points, imply as in 
[AU97] 

^Pfi(JV)/z[Ov] = _ 2 9n{9n - 1) (O Xl ( N) {H ) 2 + Xl{N) (H^) 2 ) + 

* (0W^o) 2 + 0* lW (Ko) 2 ). (87) 
Now we consider the admissible metrized line bundle 

0* lW (tfoo) ® O^w(ffo)®- 1 ® (0* lW (^o) ® O^w^o)®- 1 )® 17 ^" 25 , 

which is orthogonal to all vertical divisors V of X\(N) because of the conditions 
(84) and has the generic fiber with support in the cusps. Then, a similar argument 
as above shows 

O Xl (N)(H ) 2 + Xl ( N ){H QO ) 2 =20 Xl (N)(Ho) ■ Xl (N){Hoo) + 

(Vo, v r oo)fin - 2 (vb, yoo) fin + (CU. 

(2ff W - 2) 2 



(88) 



Since by 7.4 the horizontal divisors Hq and do not intersect, lemma 7.5, substi- 
tuting equation (88) into (87), implies 

t4 l( iV)/Z[0v] = 4 9N(9N ~ 1) ^ Scan (0, 00*) + ^±i(Vb, Ko) fin (89) 



Note that the modular curve Xi(N)/Q is defined over Q, and hence the Riemann 
surfaces Xi(N) a are in fact all equal to X(Ti(N)). Therefore, dividing both sides 
of equality (89) by f{N), it follows from proposition 3.8 noting that oo CT = oo^ for 
some de (Z/NZ) X that 

u 2 N = 4:g N {g N - l) 3can (0,oo) + -tU- ,9W + \ (Vb, Ko) fin ■ 

□ 

7.7 Theorem. Let N be an odd and squarefree positive integer of the form N — 
N qr with q and r two relative prime integers satisfying q,r > 4. Then, we have 

uJ 2 N = 3g N log(JV) + o(g N log(JV)) . 

Proof. By proposition 7.6, using theorem 6.5 and proposition 7.5, we have 

W W - 2 5A r + — j=f 7-2—: t 2^ I" 7 l0g(p) + l0g(iV) ) • 

II p \nW l ) plN P 1 

Noting that 

24( gj y-l) = 

n P | W (p 2 -i) + Uj ' 

the claimed asymptotic follows. □ 
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8 Arithmetic applications 

8.1. Stable Faltings height. Let Ji(iV)/Q be the Jacobian variety of the modular 
curve Xt(N)/Q and let /i F ai(Ji(^)) be the stable Faltings height of Ji(N)/Q. The 
arithmetic Noether formula (see [MB89], theorem 2.5) implies 

12ft M (Ji(JV)) =u 2 N + J2^jlog(p) + 5 Flil (X(T 1 (N))) -4g N log(2ir), (90) 

p\N P 

where s p is given by the formula (83) and SF a \(X (Ti(N))) denotes the Faltings's 
delta invariant of X(Ti(N)) (for the definition see [Fal84], theorem 1, or, for another 
approach due to J.-B. Bost, see [Sou89]). In [JK09] it is proved (see loc. cit. theorem 
5.3 and remark 5.8) that 

S Fal (X(T 1 (N)))=0(g N ). (91) 

8.2 Theorem. Let N be an odd and squarefree positive integer of the form N = 
N qr with q and r two relative prime integers satisfying q, r > 4. Then, we have 



9n 

Proof. Noting that 



/> Fa i(Ji(A0) = y flog(N) + o(g N log(N)). 



p\N p\N p\N 

and 

g N ^ \og{p) , y{N)d{N) ^ \og{p) . , 

T^p^~i + 12 2. pT^-i = ofa • 

„l AT 1 _l AT 1 



p\N p\N 



we find 



^E^T lo g(P)-°(^log(^)). (92) 

p\N P 

Hence observations (90) and (91) together with theorem 7.7 imply statement of the 
theorem. □ 

8.3 Remark. In [ECU], p. 83, theorem 16.7, the authors found the bound 

/!Fal(Jl(pO) =0(( P lfl0g(pl)), 

where p and I are distinct primes with I > 5. In theorem 8.2 the leading term is 
explicit. 

We note that theorem 8.2 might lead to a similar bound on the minimal number of 
congruences of modular forms with respect to Ti(iV) as in [JK01], remark 6.6, p. 
37, in the case of T (N). 
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8.4. Admissible self-intersection number. We assume that the reader is familiar with 
the theory of the admissible pairing in [Zha93] . 

Let N be an odd and squarefree integer of the form N = N qr with q and r 
relative prime integeres satisfying q, r > 4. The dual reduction graph G p of the fiber 
of Xi(N)/Z[( N ] over the prime ideal p of Z*[(n] with p { N consists by proposition 

7.3 of two vertices which are connected by s p = ' V ^ N ^ N Y\ q \K ^1 + |) edges 
of length 1. Hereby the two vertices correpond to the irreducible components Co jP 
and Coo,p over p. Note that the genera of the two components Cq :P and Coo,p are the 
same by proposition 7.3, which we denote by g p . Then, we have g^ = 2g p + s p — 1 
and the canonical divisor Kq p on G p (for the definition see [Zha93], p. 175) is in 
this case given by 

K Gp = (5jv-1)[0 + oo]. 

We set a p := j^rfSp and l p := 2a p + s p , and the admissible measure with respect 
to Kg p on G p (for the definition see [Zha93], theorem 3.2) is given by 

/J P := T^o + M + T^dx. (93) 

Recalling the notation from [AU97], we have for n — Sp that the admissible Green's 
function with respect to fi p of the graph G p is given by (cf. [AU97], p. 65) 

9 i_l V*^ 3 J / ' — ' c\ 1 j " j *^ 3 ~~~ T% j 5 

V -^'p ^p'p 05p/p 

a G "(x col - — (l-x) 2 - ap + Sp (l-x-)- 3a P + 2s P 

= (l - ^ - - *i) - 04) 

where < Xj < 1 (j = 1, . . . , s p ) denotes the coordinate along an edge. Note that 
for prime ideals p,p' of Z[£jv] with p|p and p'|p, we have G p — G p >, and we simply 
write G p for this graph; further, we write in this case also simply s p , a p , l p , Kq , /ip 
for Sp, dp, ip, i^Gp j A*p, respectively. Let u7 0i jv be the admissible metrized relative 
dualizing sheaf of the curve X\{N)/Q as defined in [Zha93], p. 181 and p. 188. 

8.5 Theorem. Let N be an odd and squarefree integer of the form N — N' qr with 
q and r relative prime integeres satisfying q,r > 4. Then, we have 



iN - 3g N \og(N) + o(g N log(JV)) . 
Proof. By [Zha93], theorem 5.5, we have 



i-^rplog(ttfc(p))=^-^ T log( P ), 



where 



^ V ; p|N p\N y 



r p :=r p := / g^(x,x)((2g N - 2)n p (x) + S KGp ) ■ 



38 



Now we calculate (as in [AU97], p. 65) the value r p for the graph G v with p\N. The 
definition of r p and the formula for the admissible measure \x v of (93) yield 

{g N - l)(3g N + s p - 1) (g N -l) 2 (2s p - l)(g N - l) 2 



3s p g N 3g 2 N p s p g 2 N 

Noting that s p < g^ and ^f- = p + 1 + 0(1) holds for p\N, we obtain 

r p = -(p+l) + ^+0(l). 



E ^TT 10 S(P) = E 3^1) Mp) + °( 10 S(^)) • 



Therefore, we have 

r 

p\N ^ ' p\N 

Then, theorem 7.7 and the asymptotic (92) imply 

"In = 3g N log(A0 + o(g N log(JV)) . 

This completes the proof of the theorem. □ 

8.6. Effective Bogomolov. Let X/K be a smooth projective and geometrically con- 
nected curve over a number field K of genus #x > 1. For a divisor D e Div(X) of 
degree 1, let 

ipo ■ X — > Ja,c(X) 

be the embedding of the curve X/K into its Jacobian Ja,c(X)/K defined by the 
mapping x ^ [Ox(x — D)}. Then there exists an e > such that the set of algebraic 
points 

{x€X(K)\hjrr((p D (x)) < s} 

is finite, where /int denotes the Neron-Tate height on 3&c(X)/K (Bogomolov's 
conjecture). The conjecture was proved by E. Ullmo in the case of curves and by 
S.-W. Zhang, more general, for any non-torsion subvariety X of an abelian variety 
A/K. 

Due to L. Szpiro and S.-W. Zhang it is known (see [Zha93], theorem 5.6) that 
the set of algebraic points 

2 



jar € X{K) | /intM*)) < J a _ j (95) 
is finite, and that the set of algebraic points 

^xeX{K)\h^{ VD {x)) < 2{g f_ l) ) (96) 

is infinite if [Ox(Kx — (2gx — 2)-D)] is a torsion element in 3a.c(X)/K. 

8.7 Theorem. Let N be an odd and squarefree positive integer of the form N = 
N qr with q and r relative prime integers satisfying q, r > 4. Then, for any e > 0, 
there is a sufficiently large N such that the set of algebraic points 
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is finite, and the set of algebraic points 

j.x e *i(AO(Q) I h NT (<p D (x)) <{l+^j logW} 

is infinite, if [O Xi (n){K Xi (n) — (2<7jv — 2)1?)] is a torsion element in J 1 (A r )/Q. 

Proof. The first and second statement of the theorem follow immediately from the 
height bounds (95) and (96) in conjunction with theorem 8.5. □ 

8.8 Remark. If D = [0] then [Ox 1 (n) {K Xi (n) — (^9n — 2)1?)] is a torsion element 
in Ji(N)/Q, which gives an example for the second statement in theorem 8.7. 

9 Appendix: Meromorphic Continuation 

In this appendix we give a proof of proposition 4.2.2. Recall that for TV an odd 
positive integer and I £ Z with |Z| > 2 and I = 2 mod N, as well as < u < N with 
(u, N) = 1, we define the zeta function 

C u , N (s,D= £ (s e C, Re(s) > 1). 

( 7 ,(m,n))eA|»+(JV)/r 1 (JV) 

We will show that ( u ,n{s,1) is well-defined and has a meromorphic continuation to 
the whole s-plane. Furthermore, we will determine its residue at s = 1. 
Throughout this section we keep the above assumptions on N, I, and u. 

9.1. Let q = [aN,bN,c] £ Qi(N) with r := gcd(aN,bN,c) the greatest common 
divisor of the coefficients of q. We define the set 

Ml(N) := {(m,n) £ 1? | (m,n) = (0,u) mod TV; q(n,-m) > 0} C M U (N). 

Let us set 6 := fcjv+ 2 ^ =? and := ™-£*=* SU ch that 

q(n, —m) = c(m — 8n)(m — 8n). (97) 

Further, we set (f 9 , u g ) := (to, -7 1 ) with (t , «o) the smallest positive solution of Pell's 
equation X 2 - ^^-Y 2 = 4 such that t "- b 2 Nu " = l mo d TV. Then, the generator 
a q of ri(AT)q is explicitly given by (cf. [Zag77], p. 63, Satz 2) 

( t q -bNu q _ \ 

and the power e q of the fundamental unit e of 4.2.1 is of the form e q = t " +u "^ 1 ~ — ± 
Therefore, for (m',n') = {m,n)a k q £ M U (N), k £ Z, we find (cf. [Zag81b], p. 70) 

m! - On' = e\(m- On) and m! - On! = e q (m- On) , (98) 

where e q := t "^ u "^ 1 _ i s the conjugate of e 9 in the quadratic field Q(\/Z 2 — 4). 
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As e q e q > 0, equations (97) and (98) imply q(n',—m') > 0; this gives a well- 
defined action 

ri (N) q x Ml (N) — ► M« (AT) (99) 
((5, (to, n)) i ^ (to, ra)<5. 

With the above notation and the isomorphy T u (N)/Ti(N) = Q^NJ/T^N) in 
4.1.4, we find 

Cu,iv(s,o= y] y] -7 — 1 — \T ■ 

^— ' ■'-^ q(n,—m) s 

qeQ l (N)/r 1 (N)(m,n)eMUN)/r 1 (N) q ^ y * 

Finally, we set E q := tqJ ^ u " with (t q ,u q ) as above, and define the set 

Rl(N) := {(m,n) e Z 2 | (m,n) = (0,w) mod TV; n > 0, m > E q n) . 

9.2 Remark. By observation (35) we may assume that the coefficients of some 
representative q = [aN,bN,c] of an equivalence class of Qi(N)/Ti(N) satisfies 
aN > 0, bN < 0, and c > 0. We will exploit this fact in the sequel. 

9.3 Lemma. Let N be an odd positive integer and I G Z with \l\ > 2 and I = 2 
mod N. Further, letO < u < N with (u, N) = 1 as well as < u' < N with u' = —u 
mod N. Then, we have for Re(s) > 1 

( u ,n(s,1)= I a ( n _ m \s + X] ofn -m) 5 

geQi W/ri (jv) \( m ,n)eiiS (at) yv ' ; (m,n)efl«,(iv) yv ' ; 

Proof. We prove that the zeta function is well-defined in 9.6. Let us define for 
q = [aN, bN, c] € Qi (N) with c > (which we can assume) the sets 

Ml ± {N) := {(to, n) £ M«(JV) \ m - On ^ 0} . 

This allows us to write M«(AT) as a disjoint union M«(iV) = M«+(iV) U M«-(iV), 
which descends by observation (98) to 

M'W/T^N), = M^{N)/T^N) q U M«" (JVJ/r^JV),. 

Now, we define a map : Ml + (N)/T\(N) q — >• R^(N) as well as a map : 
M^-(N)/T 1 (N) q — >■ R q u ,(N) which will turn out to be bijections. This proves then 
the statement of the lemma. 

To define the map <p+, let (m,n) <G M 9+ (iV). By observation (98) we find for 
(m',n') — (m,n)a q , k € Z, the equation (cf. [Zag81b], p. 70) 

m'-0n' _ / £ q \ ^ to — ~0n _ 2k m-6n 
ml — 6n' \£qj m — On q to — On 

Hence in each orbit of M!^ + {N) by Ti{N) q , there is an element (m', n') which satisfies 
l<^<4Wefmd 

m 1 -On' . m 1 -On 1 9 . e 2 ^ - 5 

1 < — 7-r n > and — — < e 2 to' > 4r 



to' — 0n' ' to' — #n' 9 £ g — 1 
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Q Q 

and a little computation shows q 2 _ 1 = E q , from which we obtain a well-defined map 
if+ : Ml+{N)/Y 1 {N) q — > RUN) by mapping (to, n) • Ti(iV) 9 (m',n'). Now, we 
define the map (</>+)' : ii«(iV) — ► M«+(iV)/ri(^) 9 by (m,n) (to, n) • T^N^. 
It is straightforward that this map is well-defined. One easily verifies that the maps 
(fiu and (ifiu) are inverse to each other, which proves that ip J is a bijection. 
To define the map <p~, we let ip : M«-(A^)/r 1 (7V) 9 A^+(Ar)/r 1 (iV) (? be the 

bijection induced by mapping (to, n) i— > (—to, — n). Defining the map <p>~ := <p^, o <p 
gives rise to a bijection (ys~ : (N)/Ti(N) q — > R^,(N). Since ip+ and are 
bijections, the statement of the lemma follows. □ 

9.4. Let N be an odd positive integer, I e Z with |Z| > 2 and Z = 2 mod iV, 
< u < N with (u,N) = 1, and q e Qi(N). Then, we define the theta series 

KM*) b y 

<ivW : = S exp ( - tg(n, -m)) (t6S> ), (100) 

(m,n)£RS(JV) 

which is a little variant of the theta series studied by E. Landau in [Lan03] defined 
as follows: Let {0} and Le be the lattice defined by 

Le ■= TLuji + Zw2 

with cji = (1,0) and w 2 := {E, 1). Let S^p be the truncated and shifted lattice 
defined by 

Sp, P := {(x,y) e K 2 | (x, y) e P + L E ; y > 0, x > Ey) . 

and P = (xo,yo) € K 2 lying inside the parallelogram determined by the four points 
(0, 0), (1, 0), (E, 1), and (E + 1, 1). Let q = [a, b, c] G Qj(l) be a quadratic form with 
a > 0, 6 > 0, c > 0, and discriminant D = / 2 — 4. Then, E. Landau considers the 
theta series 

^E,p(t)-= Yl cxp(-tq(x,y)) (tel> ). 

If E satisfies E > ~~ h %"f® ' , then the theta series i9|; P (t) converges for t > 0, and we 
have 

Q; o (X i i fc / fc + 1 \ 

K pW = —r + — + + «it 5 + • • • + a fe t 5 + O k *t" eR,i> -2) 

(101) 

as t — > 0, where all appearing constants depend on the choice of E, P, and q. 
Furthermore, a_ 2 is given by 



1 2aE + b+VD 

ct-2 = — t= log (102) 

2\/D 2aE + b-y/D 

(see [Lan03], Hilfssatz 11; note that in [Lan03] the quadratic forms are of the form 
g(X, Y) = aX 2 + 2bXY + cY 2 and the discriminant is defined by disc(g) = b 2 - ac. 
This causes the factor of 2 appearing in the expression of ot- 2 )- 
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9.5 Lemma. Let N be an odd positive integer, I G Z with \l\ > 2 and I = 2 mod N, 
< u < N with (u,N) = 1, and q = [aN, bN, c] € Qi(N) a quadratic form with 
aN > 0, bN < 0, c > 0. Then, the theta series N (t) converges for t > 0, and we 
have 



K N (t) = ^ + ^+Po + Pit* +■■■ + fat* + O k 

I 1 2 



fc > -2) 
(103) 

as i — > 0, w/iere aZZ appearing constants depend on the choice of u, N, and q. Fur- 
thermore, /3_ 2 is given by 



0-2 = 



N 2 VW^4 



l0g(£g)- 



(104) 



Proof. We show that "& q u N {t) is a sum of Landau's theta series {} 9 E P (t). Let be 
L := cu q N. First note that the points (m, n) = (0, it) mod iV with m > E q n and 
n > do lie in the interior of the parallelograms of width and height L of the cone 
defined by y > and x > E q y. Now, let be £ := £ and 77 := Then, we obtain 
c 2 u 2 points P/j = (x/i, y/i), /i = 1, • • • , c 2 u 2 , in the parallelogram now of width and 
height 1 with respect to the coordinates £ and 17. We set 

A := cL 2 , B := -bNL 2 , C := aNL 2 



and define q' := [A,B,C] such that q(y,-x) = q'(£,r)) and disc(g') = B 2 - AAC = 
disc(o)L 4 . By the definition of the theta series, we have 



Since 



KM*) 



E n 



h=i 

1,,-bNu,, bN + VW^4 _ -B + v /disc(q') 



2cU„ 



> 



2c 



2A 



we can apply Landau's result and obtain 



E 

h=l 



E q ,P h 



(*)" 



a-2,/1 Q!_i >, 



i 



(105) 



with C := C/j, where the Ch are the implied constants of formula (101). This 



h=i 



implies with /3j := a^.n the claimed growth behaviour (103) of d q u N (t) as t — » 0. 



It remains to determine /3_ 2 . By formula (102) we have 



2 2 
-2 =c 7i 



1 



2^/disc(</) 
1 



log 



=C 2 7i^ . log 

9 2L 2 v / P^4 



2^P 9 + B + y/disc(q') 
2AE q + B - v /disc(q') 
2cE„ - bN + y/W^A 



1 



2cE„ - bN 



1 



1 *« 

log — 



1 



_ + u q ^l 2 - 4 

2^27^4 ^ t q - U q VW^A 

log(e 9 ). 
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This finishes the proof of the lemma. □ 

9.6. Proof of proposition 4-2.2. Since q(n, —m) > holds for (m, n) G R q a {N), we 
can use the well-known integral representation 

1 1 f +co 

£ ^nr = W)l ( *~ , "'.~ <,)dt <"■<■» ^ < 106) 

(m,n)ei?S(7V) yV ' ; W 1/0 

Using the asymptotics (103), we find 

m r =f5j jf (¥ + iv + * + • • • + *'*) d <+ 

i f 1 i /" +00 

^ | t^R k (t)dt + f ^J i t s -^l N (t)dt (107) 

with Rk(i) = Ofe(t^T i ). For Re(s) > 1 the first term on the right hand side is 
well-defined and is equal to 

A + * + ... + A ), (108) 



r(s)Vs-l s-l/2 s s + 1/2 "' s + 

which extends to a meromorphic function on the whole complex plane. For Re(s) > 
~ fc 2 +1 with k > 2 the integral of second term on the right hand side converges 
absolutely and uniformly, since in this case we have 

t s ~ l R k (t) = 0(t) (t->0). 

The third integral converges absolutely and uniformly for any s € C. So we can 
deduce from equations (106) and (107), applied to u and u', that ( u ,n{s,1) is well- 
defined for Re(s) > 1 and has a meromorphic continuation to the half plane Re(s) > 
~ fc 2 +1 with k > 2. This finishes the proof of the first part of the proposition as k 
can be arbitrarily large. 

It remains to calculate the residue of ( u ,n{s, I) at s = 1. We deduce from equation 
(108) that Cu,at(s, i) has a simple pole at s = 1 with residue 



res s=1 = 2/i,(A0/?_ 2 = Ar9 log(e,) 



2/n(iV) 



as (3-2 does not depend on u and w'. This proves the proposition 4.2.2. 
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